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Fur publication” of the 101. 
flowing treatiſe" is oving t6 
your kind encouragement atid 

probation; and I am happy to 
embrace this opportunity of teſti- 
fying the high ſenſe I entertain of 
your condefcenditg politeneſs and 
attention. Whilſt you are enlarg- 
in the bord of Kictie@y your 


numerous, and important diſ- 

odFefits, vo are e deins 

of promoting every other laudable 

purſuit and uſeful undertaking. 

And to this amiable diſpoſition the 

wdrlt is no le indehted than to 
A 2 


LY] 
your diſtinguiſhed and eminent 


abilities: the one commands our 
eſteem and regard, and the other 


our admiration. Permit me, | 
therefore, Sir, as a ſincere tribute 
a to your merit, to inſcribe, to you ö 
this compendium, and to aſſure b 
| you. chat 19h 73 5 > bi 111 ; 
1 | , 
on yqgs1 1933.55 {1108360 O19 a 
in the higheſt wee, or , 
110 vont won obedient and,, ni 0 
ib iasrtogtni- by tert f 
abliged e emen, 3 
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HE powers of the mind, like thoſe of the 
body, are increaſed hy continual exertion; 
application and induſtty ſupply the place of genius 
and invention;' and even the creative faculty it- 
ſelf, may be ſtrengthened and improved hy uſe 
and petſeverancg. Uncultivateg, nature is uni- 
formly rude and imbecile; and it. ĩs by imitation, 
alone that we at firſt acquire knowledge, and 
the means of extending its bounds, A juſt and 
perfect acquaintance with the ſimple elements of 
ſcience, is a neceſſary ſtep towards, our future 
progreſs and advancement; and this, aſſiſted by 
ae inveſtigation ang habitual inquiry, will 
conſtantly lead to eminence and perfection. 
Books. of rudiments, therefore, conciſely writ- 
Kari well digeſted, and methodically arranged, 
are treaſures; of ineſtimable value and too many 
attempts cannot be made to render them perfect 
and complete. When the firſt prineiples of any. 
art or ſcience are firmly fixed and rooted. in the. 


mind, their application ſoon becomes calys. 
* 3 


15 
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vi neee. 


pleaſant, and obvious; the underſtanding is de- 


lighted and enlarged; we conceive clearly, reaſon 
diſtinqtly, and form juſt and ſatis factory conclu- 
ſions. But, on the contrary, when the mind, 
inſtead of repoſing on the ſtability of truth, and 


received principles, is: wandering in, doubt and 
uncertainty, our ideas will neceſſarily be confuſed 


and obſcure; and every ſtep. we take, muſt be 


attended wm freſh difficulties and endleſs, pere 


plexizy. You bas 3 Seitn ad vine AN 


That the grounds, or fundamental parts, "of 
every ſcience, are dull and unentertainitigy" 184 
complaint univerſally made, and a truth hot wy 
be denied ; but, then, what is obtained With gif! 
ficulty i is bemstibercd With eaſe ; and what is 
purchaſed with pain is poſſeſſed with pleaſure. 
The ſeeds of ThoWiedge are ſown" in every foil, 
but it is by proper culture alone that they are 
cheriſhed and brought to maturity. A few years' 
of early and aſſiduous application never fails of 
procuring us the reward of our induſtry; and who 


is there, that knows che pleafures and advantages 


which the ſciences afford, that would think his 
time miſ⸗ ſpent, or his Iabours uſeleſs ? Riches 
and honours are the gifts of fortune, caſually be- 
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ſtowed or hereditarily received, and are frequently 
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abuſed by their polſeMbrs 3 ; but the ſuperiority of 
wiſdom and knowledge is a pre eminence of 


merit, that originätes with bac amd and *. the 


nobleſt of afl e ee ths 0 
vor \aolqrining be bas 8 * 
Nature, houftiful and wiſe. in all * 4 has 


rn us with an infinite variety of ſcenes, 
both for our inſtruction and entertainment; and, 
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like a kind and indulgent parent, admits. all r * 


children to an equal participation of her bleſſings. 


But as the. modes, ſituations, and circumſtances 


of life are various, ſo accident, habit, and edu 


cation, have each their predominating influence, . 


and give to every mind its. particular bias! Whiere 
examples of excellence are wanting, the attempts 
to attain it are but few); but eminence excites 
attention; and produces imitation. - Tojraiſethe 
curioſity, - and to awaken the liſtleſs and dormant 
powers of younger minds, we have only to point 
out to them a valuable acquiſition, and the means 
of obtaining it. The active principles are imme- 
diately put into motion, and the certainty o of the 


ce is · inſured from a n r to. con- 
quer. 12 7 120 „t 11 f [ 190 13 3 * 1 $. 18 


But of aft 445 ſciences yhich 92 to call forth 
this ſpirit of enterpriſe and inquiry, there are 
none more eminently uſeful than the Mathematics. 
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By an, early attachment to theſe elegant, and 
ſublime ſtudies, we acquire à habit of reaſoning, 


and an elevation of thought, that fixes the mind, 


and prepares it for every other purſuit From a 
few ſimple axioms, and evident. principles, we 


proceed gradually to the moſt general propoſitions, 


and rembte analogies; deducing one truth from 


another; f in a 'chaim of argument, well connected 


and logitalty purſuedi; that brings usatlaſt,” in 
the moſt fatisfactory manner, to the concluſion; 


and ſerves bellen tx = N elt ear . 
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- hind it ĩs not only in this reſpect that mathe · 


-miatical, learning is ſo highly valuable it. us, 


likewiſe, equally.cſtimable for its practical utility. 
Almoſt all the works of art; andideuices of man, 
haue a dependence upon its principles, and: are 
indehted to it: for their origin and perfection. The 
eultivation of theſe admirable ſciences is, de 
fore, a thing of the utmoſt importance, and ought 
to be canfidered as a principal part of every libe · 


ral and well regulated plan of education. They 


are the guide of our youth, the perfection of our 
reaſon, and the foundation, ar 57 of every 
great and noble undertaking. "nn At * _ 
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G PR E F Ac E. ix 
From theſe conſiderations, I have been induced 
to undertake an introductory courſe of mathe 
matical ſcience; and, from the kind encourage · 
ment I have hitherto received, am not without 
hopes of a continuance of the fame candour and 
. approbation. - Conſiderable practice as a teacher, 
and a long attention to the difficulties and ob- 
ſtructions which retard the progreſs of learners in 
general, has enabled ge to accommodate wyfelf 
the more eaſily to their capacities and under- 
ſtandings. And as an earneſt deſire of promoting 
and diffuſing uſeful knowledge, is the chief ma- 
five for chis undertaking, ſo no pains, or atten- 
non, hall be Wanting to make it as complete and 
perle as poſſible," ]3O 10% 10 2903 


5 8540 i) 
The ſubje&t of thepreſent e is Ed | 
GEBRA;z which is one of the moſt important 
and uſeful branches of thoſe ſciences; and ma 
juſtly conſidered as the key to all the reſt. 5 
ometry delights us by the fi mplicity of its prin- 
ciples, and the elegance of its demonſtrations * 
- Arithmetic is confined in its object, and partial 
in its application: but Algebra, or the Analytic | 
Art, is general and comprehenliye, and: "may be 
uſed with ſucceſs, in all caſes, whkre'trath'is ts 
be obtained, and proper data can be eftabliſhed: - 


_ * 
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To trace this noble ſcience to. its birth, and to 
point out all the various alterations and improve- 
ments it has undergone in its progreſs, would 
far exceed the limits of a preface. It will be ſuf- 
ficient. to obſerve, that the inyention. is of the 
higheſt a antiquity, and hag challenged the praiſe 


and admiration of all | ages, ' Diophantus, appears to 


| have been! the firſt among the ancients, who applied 
it to the ſolution of indeterminate | and, unlimited 


| problems; 31 but! it is to the moderns that) we: are prin-, 


cipally indebted forall the moſt curious r efinements. 


28 44 ©,4> 


of the art, and its great a t and extenſiye uſefulneſs in. 
every abſtru e and, difficult, inquiry. . Newtap,, 
2 55 in, Saunderſon,, S/n, ang Ene, 15 

our own countrymen, who. have Pat 
ticularly excelled in this reſpect; and it is to their 
wörkse that Ew uld refer the young ſtudent, as 
the patterns af elegince and perfection. A9 
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4 Unis 5 | 
it "The folloging e coninendinidt 3 is formed 5 
upon the model of thoſe writers, and is intended 


as a uſeful. and neceſſary introduction to them. 


Almoſt: every ſubject, that belongs to pure Al- 


gebra, i is conciſely and diſtinctly treated of; and 
no pains have been ſpared, to make the whole as 
eaſy and intelligible as poſbble. | A great number 
of e have. A boen written 


sg 2 e. 2 g. = 
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upon 8 this ſubje&; but there are none, that 1 
have yet ſeen, but Phat appear to me to be ex- 
tremely defeQtive. | Behdes being totally unfit 
for the purpoſe of teaching, they are generally 
calculated. to vitigte the taſte, and miſlead the 
judgment. A; tedious and inelegant method pre- 
wails rough br Mels, Jo dat th beauty of the 
ſcience is deſtroyed by the clumſy and aukward 


manner in which it is treated ; : and the learner, 
when he is afterwards introduced to ſome of our 
beſt writers, is obli ged to unlearn and forget 
every thing that he has been at ſo much pains in- 


acquiring. ___ ” 900" <2. In <> —— «„ ! + 4% 8 — Yoo 4 


It is in the ſciences as in every branch of polite 
literature ; there is a certain taſte and elegance 
that is only to be obtained from the beſt authors, 
and a judicious uſe of their inſtructions. To 
direct the ſtudent i in his choice of books, and to 
prepare bim properly for the. advantages he may 
receive from them, is, therefore, the buſineſs of 
every writer who. engages. in the humble, but 
uſeful;taſk of a preliminary tutor. This informa- 


e L. have, been careful to give, in every. part 
Nl. preſent Performance, whete it could be 


thought to be in the eat wetul.or neceſſary. 
The nature and confined limits of my plan, 
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admitted not of diffuſe obſervations, or a formal 
enumeration of particalars ; but nothing! of real ä 
uſe and importance has been omitted. MV prin- 
cipal object was to confillt the eaſe, ſatisfaQtion, 
and accommodation of the learner, and if the 

execution of the work is found equal to the de- 

fign, my purpoſe will be anſwered; and it cant.” 
not fail of meeting with a candid and favourable 


reception J Frome | Be I 5 # Pn 131 
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W ad het. 25 Ape 32, Ie 10% dele . P. 49, I. 6, for 6 
_ x5 read . P. 50, 1,24 and 26, read 'aX3 a, 8 vera 
SX3y/ a, &c. P. 54, l. 33, for + read :: I. x1, 7. 
A 10 tead? 16 P. 60, 1 o ee <5, and adde 
uh. for 5 a read 75 P. 6 [| for a P. 79, | 8. 
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DEFINITIONS. 


* EB RA is the art of computing by ſym- 

ols. 

] 1. Like quantities are thoſe that conſiſt of the ſame 

etters. 

2. Unlike quantities are thoſe that conſiſt of diffe- 
rent letters. 

3. Given quantities are thoſe whoſe values are 
known. 

+ Unknown quantities are thoſe whoſe values are 
unknown. 

5. Simple quantities are thoſe that conſiſt of one 

ME. only. 

6. Compound quantities are thoſe that conſiſt of ſe- 
veral terms. 

3 7- Eee e or affirmative quantities are thoſe to be 
8. Negative quantities are thoſe to be ſ ubtracted. 
9. Like figns are all + or all —, 

10. Unlike figns are + and —, 


1 
LP 
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2 EXPLANATION OF 


Ut. Thecco-efficient of any quantity is the number 
prefixed to it. 

I2. A binomial quantity is one conſiſting of two 
terms; a trinomial of three terms; and a quadrinomial 
of four terms ; &c. 


13. 4 reſidual quantity is a binomial where one of 
the terms is negative. 


14. The power of a quantity is its 8 cube, 
biquadrate &c. 
15. The index or exponent is the number expreſing 
the 3 to which the quantity is involved. 
A rational quantity is that which has no radi - 
cal ſign. 


17. The reciprocal of any quantity is that quantity 
inverted, or unity divided hereby, \ 


ExPLAanNAaTiON Of THE CHARACTERS. 


+ Is the ſign of addition. 


— ol ſubtraction. 
% — of multiplication. 
— — Of diviſion. 
— of the ſquare root. 
34/7 — of the cube root. 
my — of the root. 
. . 


2 Ang a+86 is the ſum of à and 5. 

a—b is the difference of à and 6. 

a is the difference of afand þ when it is 
not known which is the greateſt, 

ab, or a'Xb, or à. i; is the produtof aand#, 


ab or — is @ divided by 8. 


\ 


THE CHARACTERS. 3 


„ ee of at i is the ſquare root of a, 


va or 47 is the tube root of a. 8 
a* is the ſquare of a, 
Cy is the cube of a4. 


' 4" is the n power of a. by 8 


/ 


a is the root of a. 
4 is the W of a, and £ Ti is the re- 


aer ef. 1 


In the computation of problems, t the firft letters 
of the alphabet are put for known quantities, and 
the laſt letters for thoſe that are unknown. 


AXIOMS. 


1. If equal quantities be added to equal quanti- 
ties the wholes will be equal. 

2, If equal quantities be taken =_ equal quan- 
tities, the remainders will be equal 


3. If equal quantities be multiplied by equal 


quantities, the products will be equal. 

4. If equal quantities be divided by equal quan- 
tities, the quotients will be equal. 
5 The equal powers or roots of equal quantities 
are equal. 

6. Two quantities reſpectively equal to a third, 
are equal to each other. 

7. The whole is equal to all its parts taken to- 
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CASE 1. 
To add_guantities that are like, and have like ſigns. 


RULE. : 


Add all the co-efficients together, and to their 
fum adjoin the letters common to each term, pre- 


| fixing the common fign. 
EXAMPLES®; : | 
e4 — 66s 8 bxy 
' 24 — 3 bx - o bay 

8 a — 2 bx 3 bxy 
10 4 — 7 bx 4 bay 
28: . — bx 5 bxy 
a — 5 bx - * 
332 — 246x 28 bxy 

5 x*++ 2 12 

3+*+2xy 8 ax—3y 

x*+ 3 xy 6 ax—2 y 

7x" +8 x 4 ax—3y 

x*+ ay ax— y 

17 x*+ 15 xy | 26ax—10y 


— 


* When a leading quantity has no ſign before it + is 
Aways underſtood; and a quantity without any co-efficient 
prefixed to it is ſuppoſed to have 1, or unity. 


. 


2 5 


3« — xy 30 — x+286 

2K — 3 xy 2xy—3x+2a6 
4x* —8 xy.  2a2y —4x+8 ab: 
* 2 5-3’ 4 


c ASE n. 
To add quantities that are like, but have unlike Au. 


* W. 


1. Add all the affinmative co-efficients into one 
ſum, and all the negative ones into another. 

2. Subtract the leaſt ſum from the greateſt, and 
to the difference prefix _ ſign of the * with 
the common quantity. 


* 


6 A'D'D'I'T ION. 


| ; EXAMPLES: ; 
2 8 5 Shs 
| —3a +8ax* 4 6x*+87 
ll VE. eee 
ll +8 ł˙ꝙu 1 +8, 
| — 42 —4 ax* * + 2x*—3y 
if —2 4 + 4 ax* e OT 
149% IJ 74195 
N e 4 %% 
lo r e 
+529 7 Tren 


+ 22 4 3 4% 


— 22 + 821 —3 ab+ 3 


— 3 a* + 66% +8 ab—10- 
— 82 —10 395 +3 ab— 6 
+ 10 a* 27 220893 1X. dd ab + 2 
. +1347 — 333  ——2ab+11 


a 


En : x. Os 
—34/ bx— 34 +10x*%— 8 y*ﬀ—4. 
— xf bx— 8x — 6x*— y*+8 _. 
—64/ bxa+11x + 33*+109*—1 


— 
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ADDITION... + + 7 


CASE m. 
To add quantities that are unlike, and have unlike figns. 


RULE. 
Collect the like quantities together by the laſt 
rule, and ſet down thoſe that are unlike, one after 
another, with their proper ſigns. | 


— EXAMPLES; 


2 * 24 — 2 
33 3 a—x 
—4 2 4 +6 x* 
RA e 34/x—2 ax 


| 2x+33—a+x* x+ 934343 


- 12 ax—x*—6+ Va - 
G6 ax+x*—x+10 
37 — 4x 42 ay ax—x* 


5 ax -V - -K +3y 


| 3 5 274 2 3 6*—$+x*—26 
—2 K* 34/xy+10, 3a—1l0+@*—6 4 
—3) x 6abhx ” * - -A 


| 
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SUBTRACTION. 
RULE. 
| Change the ſigns of all the quantities to be ſub- 
tracted, and then add them together as in addition, 
and the reſult will be the remainder required, | 


EXAMPLES: | » 


3a*—26 FO 8 yo+2 3529248 x—j* 
24%=36 l 9 20 243y—8—B8x—3y 


* — — A — 


* 


4243 5 * —17 7 ＋t 22 1 +6 + 16x—y2 + 3, 


8 &x—24/xy—10 4/=—10—8 x—3 xy 
10 —by/xy—ax 5 = + 3=y 


— — n "IR""Y 1. 


3 N gax+4y/29—10—10x 4/=—13=x+ 2xy +y 


—— 


5ax"y—8 AV- $x*y*+v/=—B—46 
=3x%y +10 24/xy+12+xy 6Cxy®—10+4b=v/; 


—_——— Y 
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MULTIPLICATION. 


! 


3 cer 
P multiph Als quantities 


j 


RULE. 

Multiply the co-efficients of the two terms together, 

and to the product prefix all the letters in thoſe 

terms, and the reſult will be the whole product 
ove. Lie Sane menace, end at ane =. 


EXAMPLES: 


1 . . 8 * * I 
24 —24 2 — 9 


38 - +46 Xx 28356 

Gab —8ab —z0ax 1746 

7 ab 6 a*x xy —7 
3 FX 8 


7 þ, * 
pF 
- 


"Et 


I J 
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to MULTIPLICATION. 


CASE 1. 
Iden one of the factors is a compound quantity. 
R UL E. 


Find the products of the multiplier, and every par- 
ticular term of the multiplicand ſeparately, and 
place them one after another, with their proper ſigns, 
and the reſult will be the whole . 


EXAMPLES: 


4.2 6 = B8$4*=2x+6' 
32 eee e 


12626 120 16K 24 -- 18xy 


rr 


34x —4 | 5 - 3-8 429 


1 22 ww „ 


— —_— 


_ - * 
% 
6 ww 4 N 
* » © wv 
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* r 
When both the Factors are compound quaatitics.. - 


"MP — R UV LE. 


Multiply every particular term of the multiplier 
into every term of the multiplicand reſpectively, and 
BY ſet down the products one after another with their. 

proper ſigns, and. their ſum will be the whole pro» 
uct required. „ 2 


| | | 
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MULTIPLICATION. 


EXAMPLES: 


Xt PF. 
* xy 42 
* + ay. * wy 
1949 22 222 
255497 „* #—— 8 a*—2y+y 
5 % * 
3429 8 
Ilgx*+12xy _ * - 
10 5 — og” 
e 22 
r m4 | 
X—y xX—y +2 
x*+ x*y + xy* x*þaxy—xz - 
* 9 +5 
AI - a ant, 7 


& Xx * 253 « 
— „* eee. 


D 
— 


W 


| mer pad 
+6x7y—4x79* + t0xy 
—9 * + l 


— 


e Ae | 
nr rr rr en nn mn nr nn nn 
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12 MULTIPLICATION. 


4 
EXAMPLES FOR PRACTICE, 4 


4 * 


1. Multiply 12 ax. os 3a. Produ 36 a* x j, 
2. Multiply 4x*—2y by 2y. Product 8x*—4y* a 
3. Multiply 2 . 40 by,2*—49- ab, 
Produ# 4x*—16y* = 
4- Multiply * +xy +ay* +57 by xy. 

Product x 1 + 18 
Ho Multiply * +xy+5* by x*—xy +57. 

Product * + x*y* + "4 
6. Multiply 2 a*—3 ax +4 x* by 54 GN - 2* 
Product 10 a*—27 "x +344" x enn. 
ns ov } 

CASE I. 
When the diviſor is a fimple quantity. | 
gua 
r 

1. Place the dividend above a anal line, ** hs 
diviſor under it, in the manner of a vulgar frac- 1 
tion. ing 
2. Expunge thoſe letters that are common to both the 
the dividend and diviſor, and divide the co-efficients let 
of all the terms by any number that will divide them and 
without a remainder, and the reſult will be the 
quotient required. firſt 


Note. Like figns make +, and unlike ſigns + que 
me ſame as in multiplication. | | 


DIVISION. 13 


4 * 


" 'pXAMPLES: 


BE * abc a 10ab+1 5 ac_2b43e 


Cay 2 PI" 62 — —— — » 
1 3 bei 20 ůüũeZP4 4 
ab+6* 444 I2xy__27, 394X=54 2) 3X72 2 
r r ieee Me 
104 2—1 . — 9 2 

Ti N 


Divide 18 af by 92. Quotient 2 4. 
. Divide 10x*%* by —; x*3. Quotient — 25 
Divide —9ax%* by gx?y. Quotient ay 
Divide —8 K* by —2x. Quotient +4x 0 
5. Divide a+3ax—x? by a. Quotient 1 +3x—— * 
6. Divide 34-15 1641435 by 34. : 

* Quotient -L. 


0 = 


— 


N CASE u. 
When the diviſor and dividend are both compound 


quantities, 


1 


1. Range the terms of both the quantities accord- 
ing to the dimenſions of ſome letter in them; ſo that 
the firſt term may have the higheſt power of that 
letter, and the ſecond term the next higheſt power; 
and ſo on. 3 $453) 

2. Divide the firſt term of the dividend by the 
firſt term of the diviſor, and place the reſult in the 
quotient, | 
C 


$$  $ VEero 
3. Multiply the whole diviſor by the quotient 


term laſt found, and ſubtract the Yule from the 


| dividead. 
To this remainder pan down the next term 
of the dividend, and divide as before ; and ſo on, 


as in common arithmetic. 
1 Nur Like igns produce +, , and _ gte — 


n 8 


| e Saure | 


v4 rr a*x 
„ 4a 
> 5% BS = 
rr * | WIL ax + x® 
8 x ax + x* 
* 
u. LS 10 3 


— . 27&K27 6245 


| | 2 
Erne 15 £5 t= 


% | —bx*+ 8x 
9 12 n N 
94 Eat ; gx——27 ; 
; — l 9 —27 ” 


* 
21 98 


” 


DIVISION. 15 


a—x) a x3 (Oats 
A017 5 age* 11 


a*x -x 
a - 
. . __ =S — 
ax mx? 
a ix? 


eee, 
SS 
— 

3.5 ——— 


. 


. 2 


| FXAMPLES FOR PRACTICE. — 


1. Divide a* +2 ax+ax* by a+x. Quotient abr 
2. Divide a—3 ay +3 af —9* by ay. 


Quotient 324% Ly. 

3. Divide 1 by 1 -. Quotienf 1 TK Tc. 
4+ Divide 696 by 3x—6. 

Quotient 20 +42 +8x+ 16 

5. Divide a*—gatx+ 104 —10 a*x* + gax*—x*5 

by & 2 a f. Quotient a - 3 a*x +3 ax*—x* 


Ca 


([ 16 
ALGEBRAIC FRACTIONS. 
PROBLEM I. 

To reduce a mixed quantity to an improper fraction. 


RULE. 


Multiply the integer by the denominator of the 
fraction, and to the product add the numerator ; 
and the denominator being placed under this ſum 
will give the improper fraction required, 


EXAMPLES: 


. p 2 2 
ARID, r 
7 * 490 on 
S act—b 2 5X3+2_17 
42 — 3 — —  z 
c c 1 3 
2X Aa—2X a ax 4 K* 
] ——Z— a —- X oþ r 


bt the ee mixed quantities be reduced 


to Improper fractions: | 
85 4 — 5 51 25 4 
5 7 * 2 


t, 


le 


FA ACTION ½ 


PROBLEM H. 
.To OR to & whole eee 
quantity. . 
N bt Fe 31 S1148* 
RULE. 
Divide the numerator by the denominator for the 
integral part, and place the remainder over the de- 


nominator for the fractional part, and it will be 
the mixed quantity has ts | 


EX A'M MI. PET 


r 
2228611 ET — — 2 2.— 
FEY * 8 a- 


Let the following mere fractions be reduced 
to mixed Quantacies. | 


3s. 28, wed! ae 252, — . 


8 4 BS: x 77 


O31 E N III. 


Po reduce fractions of nt denominators, to thoſe 
of the 3 . thai Ae ve @ common ns 


3 


11 FRACTIONS, 


RULE. 
W. Multiply every numerator 1 into all the 


denominators but its own for new numerators, 
and all the denominators together for the common 
- denominator required. f 


EXAMPLES: 


1. Reduce £ x” LT to fractions of equal 7 


C 
that ſhall have a common denominator. 


Xe = &c: 
bxb = Þ+ 


u = be 


20 6* 


1. = /radtion required. Fn, 


8 Aa . and — to equivalent frac- 
0 | 
tions, haying a common denominator, 
axcxd = acd | 
bxXbXd = bd. 
cxbxXe = 6b 


2 = kd 
acd Bd. . , b 
an ws 


T7 7 72 Aue . 


the 


s, 
10n 


wed. 


FRACTIONS ag 
6 


3. Reduce — ” and — to „ e fractions, 
havin ga common denominator. 1 _ and =. 


7” 0 : 


4. Reduce — — and a+5 , to a common denomi- 


nator. 2 5 . 
5. Reduce ==, 22 . indy _— _ 

nator. | | Au,. =, — and = 
6. Reduce ay | J ZZ and a+ to a, common | 

denominator. 4. =, 2 Be and EST 


J l —— 
G 
a 


PRO B L E M IV. 
E 1. the ra, common meaſure of a fraction. 


RULE. 


I. * the quantities according to the dimen- 
ſions of ſome letter, as is ſhewn in diviſion. - 
2. Divide the greater term by the leſs, and the 


laſt diviſor by the laſt remainder, and ſo on till no- 
thing remains; and the diviſor laſt uſed will be the 
common meaſure required. 


Note, All the letters or figures that are common to 
ach diviſor, muſt be thrown out of them before > 
are uſed in the operation, | 


* F NAC TI on s; 


8 
. FEY. 1 | 
5 BD hos > 17121 1 £5 — . 
' E A 


* 1 


pF To find the greatet common | mondo of 


ex+2* IIA 0 4. Ay ; ” iy 
Fr * ö 
er TDC + Ox 
er c Jea*+ a*x(a* 
| ca” +a" Fa | 
C24 ae! een! þ 


Therefore the greateft common meaſure is c+x. 
2 . the greateſt common meaſure of 
- * s 


* * "= 
- | '? FEE 4 : 
- — 9 : . 1 4 \ 22 
- — — » SS - * * * 
- 
_— - 


+ 2 5 . 
„2K l 


7 l= % uf +2 bx+6* © 
er x + b )x*+2bx+6(x+6 
OAT Bonn AMIE" SS) v4 6 2 


bx +6* 
bx + 6* 


| Therefire x + e, greg common Sev. 
8 : Th dv}, the e common diviſor of 


8 —_ Le 1 . N. 47, 
4. To find the b common meaſure of 
8 5 «+: 104% Þ& 5 636; | d Aug Ar. 443. 

e tf. a. 


red 


FRACTIONS. 21 


p ROB LE M V. 
To reduce a fraction to its loweſt terms. 


RULE. 


1. Find the greateſt common meaſure, as in the 
laſt Jar 
Divide both the terms of the fraction by the 
meaſure thus found, and it will reduce the 
* as required. * | 


Ani A: 


1. Reduce Rn to its loweſt terms. 
ex+3x*)ca* + a*x 
or c qetan 
ca r 


Therefore 8 * it the — common meaſurt, 
and K Bau required 
"EY — 
2. Having 5 given, it 19 required 0 
reduce it to its leaſt terms. 


* T 2bx+8*)x% = x(x © 
x* + 26 +1 bx 


4 
a0 — a 

or x+6)x*+ 2bx+6*(x+6 
x*+ bx 


** bu+6* 
AS be . . bx+6* 
5 | * 


i 
| 


22 PRACTION Ss. 
Thos es ee e common meaſure, 
and x +6) 2 24 === fraction required. 
3. To reduce SL, to its lowelt terms, 


p 4+ wt, "0? g 1 75 A 0 | 
| * 


4+ Reduce r . Se ems 


PROBLEM VI 
To en quantities together. 
R UL E. 


1. Reduce the fractions to u common denoming- 
tor, as in third, 

2. Add all the numerators tbgether, and under 
their ſum write the common denominator, and it will 


aaa ale 


EXAMPLAS! 


1. Having = and = given, to find their ſum. 


xX3 = #4 
XX2' = 2 


z = 


" 2X 
4*, 2x 
6 


6 | 
— 2 ſum required. 


FRACTIONS. 23 


7” 


A 


2 — 


2. Having ——» —_ and — ＋ given, to ind their ſum. 


22 = bar 
eadf chf , ebd af cdf+264 
OT. «A = es. 


5. Add —, E Sum x+ =. 


6 Add n 
3 


7 FED 112 together. 
dum. *, 


. * "WL 


24 FRACTIONS. 


"PROBLEM vn. 
To ſubtract one Haim quantity from another. 


f a 
' — — : 


RULE. 


bs Reduce the fractions to a common denomina- 
tor, as in addition. 

2. Subtract the numerators from "ky KY and 
under their difference write the common denomina- 
tor, and it will give the ener * the fractions 
required. 


EXAMPLES: 


1 I. To find the difference of Z Zandt = _ 
| 3 
| XXIIZIIx 

2XX. 3=-0x 


| 3K 11233 

=” 

W 28 ae red. 
3 93: 53.5.4 


—— — 


” ov ts Wa ot, 22222 


; X—a 24a—4x 
2. To find the difference of A and I 


*—2 * 5 059 5 ac 


; 2a—=4x N 36 =0ab—126x 
36 x5c= 15 be. 
— __ Gab—n 2bx — +1 22 — 
* . 156c I56c 


_ difference required. 


. 
* 3 = 
v 


FRACTIONS. 25 4 
"he From f take . Diferenct & 
| 2 


2 wy 
4. From =" Stake . OR 77 


5. From wy take 2247 2222 


. 6 
"_ . Di 1 4 766 * 
un . Difttrence 2 gte . 
PROBLEM VII, 
70 multiply r 8 together. 4 
RULE. 
' Multiply the numerators together for a new nu- 
a merator, and the denominators for a new denomi- 


nator, and it will give the product required. 


1 EXAMPLES: - 
1. Find the Hy n 

a * 
g produdt required. 


XX2x e wy 
o * 54 "27 
| 3 


— 
* 3 „ w—_ 
þ : 


—— AMD — te — —— <a eg: 


— 


e 


1 


5 FRACTLQNS 
| 2. Find the produR of 2 4 — 
r 


: e- d = 25 8 


3. Fin he rde and 1 


1. 


axe x tax * | 
«xatel.. == predict required. 


4. Find the product of 2= and 2. Fuad A 
en produttor and i= Produdt 3 i 


N 5 a 3. 
6. Find the continued in of = --oþ l 4 
| De} 2 Xn 
Zac „ 
2 * 36 | K gæa. 4 
7. Find as i of 1 und — | 
| 5. 
f Product ab+bx 
8, Find the produ@t of =—< A N 
0 * ö 15 741 
Produg *=#? 
— 52 ry 
P R OBLEM IX. 
To divide one frafional quantity by. another, | ; 
p AV 


s 


R U. L. E. 


aver the diviſor, and proceed as in multiplica- 


FRACTIONS. 27 


x RAMPLES: 


1. nne. 4.440 by 22 * $567 


& Nr 33 
Sw 2 
2. Find as = Fan 


22 da 24d ad 


== = quotient required. 


x 
4 Perrin? Io 822 puotien 2 f 
— 3. Find the quotient of 15 divided by — 4 
2 | 7a 
5 N lb 2 9 = quotient requir: 
5 * 3 N bx 
4- Dine S i 16 1 Quotient 2—. * 
| 55 vide 2 — 11 
a 5. Divide = by 22 4 Quotient 3 4K 
—· ED + bx 
6. Di vide 
8 * 7 
2 
Js Quotient x += 
2 wet los 
INVOLUTION.: 
| Involution is the raiſin of powers from any pro- 
poſed root; or the — of finding the ſquare, 
1 cube, * &c. of any given quantity. | 
ca- 


: D 2 . 


28 INVOLUTION. 


RU LE. 
M./ultiply the quantity into itſelf as often as is de- 
noted by the index, and the laſt product will be the 
power required. Or 
Multiply the index of the n the index 
of the power, and the reſult will be the fame as 
before. | ay 
Note, When the ſign of the root is + all the 
powers of it will be +; and when the ſign is — 
all the odd powers will be —, and all even 
4 powers &. | , 1 4 x 4 


E404 A 


„ T2 VIBE EC 


1 4 r ſquare 4 ad 4 = quart 4 

* aal 1 as =cube - | 
Wakes a* = 4th power *. a* = 4th power 
J = gth power J = 5th power 


&c. &c. 


+ 9 = /quare 
| | — 27 4* = cube 
73% 00 81 = 4th power 
J—2438* = 57h power 


* . | 
2 * ſquare 5 
2 - 
* 
, root n cube > 
f . 3 
8 2 — Biguadrate 


* a 
9 - 
* 


* by 
7 


NV VOLUT TON. 29 


N Te, 


* ＋ 4 
" © > © — 1 


l N 1 
0 + 1 af n 


= Y 


e + of = cube 
WW + a 


49 


* 


Fre EF 72 
+ a +34 x*+ 30x t 


S e pres: 


oer 


EXAMPLES. 70 PRACTICE, 


1. Required the cube or third power of 24“. 

R a th h f 716 wy 
2. Required the 4t poxrer o zal. Au. 164'x*, 
3. To Rund the 3d power of — fs. 


1 2x5 
15 D A4 51 ** 


— 4 


33  INYOLUTION. 
4. To find the biduadrate 8. 


i ee 8165 
5. Required the 5th power of a—x. 
Anf. a* —54*X + L0a*x* —L0a*x* H -s. 


Six ISAAC NEWTON's Rus, for raifng 
a binomial or refidual quantity to. any power what- 
EVEr. Kh + TH 


1. To find the terms without the co-efficients, The 
index of the firſt, or leading quantity, begins with 
that of the given power, and decreaſes continuatty 
by 1, in every term to the laſt ; and in the following 
quantity the indices of the terms are 6, 1, 2, 3, 
4, &c. 1 | FT 

2. To find the unciæ or co-eſſicients. The firſt is 
always 1, and the ſecond is the index of the-power : 
and in general, if the' co-efficient 'of any term be 
multiplied by the index of the leading quantity, and 
the product be divided by the number of terms to 
that place, it will give the co-efficient of the term 
next following. | 

Note, The whole number of terms will be one 
more than the index of the given power ; and when 
both terms of the root are. +, all the terms of the 
power will be + ; but if the ſecond term be —, then 

all the odd terms wilt be, and the even terms —. 


EXAMPLES: 


' 1. Let a+x be involved to the fifth power. 4 
. / The terms without the co-efficients will be 
a4, a*x, a, a, a, x*, 


" 1 
—— 


EVOLUTION. 


and the co- efficients- will be 
1 5X4, YOX3 z, Q., 
* . . 
ee 5 

1, 5, $07 10% 55 15 

And therefore the th power is 


2 ＋ Fa „ ia, 16 dc "= 


2. Let xa be involved to the 6th 
The terms without the co-efficients will be 
x5, xa, x*a*, xa", A, xa*; as; 
and the co-efficients will be 
1. 6, CxS . 20X3 &.: 6x1 


n 3 

or 1, 6, 15, 20, 15, 6, I, 
Aud therefore the ſixth power of x—=ais' © 
* =6bx*a+1 a 20% + 15 6. +, 


3. Find the 4th power of x—4a. 6 
Auſ. x* —=4x*a+6x*a ee 
4. Find the 7th power of 144 4 


Auſ. x" Ty "af 218% +3500) 35000 +2197 a5 + þ 
7xa*+ al. | 


EVOLUTION. 
- Foekiiew is the revert of involution, and teaches 
to find the roots of any given powers. 


C AS E I. 
A To find the roots of femple quantities. 


3 EVOLUTION, 


RY LB.” 


Extrakt the rdot of the oat for the nome 


rical part, and divide the index of the letters by the 
index of N ones and it will at Opt root re- 


quired,*- ..+, 520 U 
* 4 fx k 


- 
47 


1. The ſquare root of ok, 
2. The cube root of 8x? Ea. 


3: The ſquare root of 3. eddy zany, 


4+ The cube root of — 127 * Se Fax. 
5. The 8 e e 


» * 
+ * 


F 
To fd the gen rot of eee. 
RULE. oy 


1. Range the quantities according to the dimen- 
fions of ſome letter, and ſet the root of the firſt term 
in 5 quotient. 

Subtract the ſquare of the root, thus found, 
frm the firſt term, and bring down the two dert 
terms to the remainder ſor a dividend. 

3. Divide the dividend by double the root, and 
ſet the reſult in the quotient. {em 44! {ud el. He. 

4. M ultiply the. diviſor and, quotient by the term 
laſt put in the quotient, and ſubtract the product 
from the dividend, and ſo on, as in ie n 
metic. 


e* vw 


* OO” bw 


EVOLUTION 33 
EXAMPLES: | 


Extract the ſquare root of 4a . 12 4 1347: 

1 . | 
44a* + 124*x +1 eee 3ax+ x* 
4a* 


e 


— — 


44*+ — 124*x T 134*x* 
| 124 ＋ gar 


+ 6ax+x*) 44*x*+ 6bax*+ x* 
fb 4 V4 Sa + x* 


* 


a Extraf the Gare ootof te 1. 


* A W TE DOR! —x+1 
** 


r 
2 AT Iz Ar Li 
e ere 


* 


3. . the guar root of 4 42%x+ 621 
T. Anf. e rh 


4. Required the a root of 25 += 


rr . N 
5. Required the ſquare __ of 4 a 


Aaſ. - &c. 


4% _EVOLUT1TON. 
„„ #3 OE, 
| To find the roots F powers in general, 


1 . 


1. Find the root of the firſt term, and plate it in 
9 1 r, and bring down the ſe ad 

2. ubtra » an ' own con 
term for a dividend.  _ . b 

3. Involve the root, laſt found, to the next loweſt 
power, and multiply it by the index of the given 
power for a Givilor. 
"4. Divide the dividend by the'divifor, and the 

quotient will be the next term of the root. 

- Involve the whole root, and ſubtract and di- 

5 all as before; and ſo on till the whole is finiſhed, 


EXAMPLES: 


1. Required the ſquate foot of 2. — 24 z“ 
2a + . N ; | 
a —20*x + a] -i, +x*(a*—ax+a* 
* t n F Thee 7 \ 


——_— - A 


at —20*x + a*x* 
— 
4. — 244 3 r 24 + x* 


— 


. "_ 
- 


SURDS 35 
2. N the cube root of x*+6x*—40x%+ 96s 


zee theme Hamm 


bow 6 1 
x5+6x* + I 6 


uired the ſquare 1 root of 24 2034 2604 5. 
e | An,. a+ Nc. 
4+ Required the cube root of x*—6x5 + - I5x*—20 
x*+153x*—6x+1. Auf. *—2x+1. 
5. Required the biquadrate root of 16a*—96a*x 
SHOE ag Ie" 8 Laue 72 


s s 


W rs fach quantities as have no exact root, 
and are uſually e 1 by fractional indices: thus, 
the ſquare root of 2, and the cube root of 3, &c. 
cannot be exactly n but 121 be N 1250 


by 2* and 33 cc. 


PR 0 B L E N I. 
95 key a rational quantity to ev a Surg, 4 


* 
= r 
RULE. 
e the index of the e quantity by the 


index of the ſurd, and over this new quantity place 
the — ſign, and it n be of the form 3 y 
EXAMPLES: The 
1. 3 reduced to the form of 4/7 is Va Vs. 3 
Vg. 
2. x reduced to the form of 34/a is V 3234/8, 
3. a+6 reduced to the form of 2 a+ N 4 
Va Fake b?, | 
reduced to the dan of e is 2 
14. * pa Fn 6. 
| PR OBLE M II. 
Do reduce quantities of uifferent indices to hed equi- 
walent ones, that ſhall have a common index. 
RULE. 
1. Divide the indices of the quantities "BP the | 
- given index, and the quotients will be the new Indi- pi 
ces for thoſe quantities. the 7 
2. Over the ſaid quantities, with their new "SN ak 
ces, place the given index, and they wilt make the bene 
equivalent quantities required. 
EXAMPLES: 
s | I, 
1. Reduce oy and gs to equivalent quantities 


PL 


having the common index 1. 


pr. 


$ UR D S. 37 
Ai E=. 


iN =I 24 index 


e and gi = = = quantities Pequired. 
2. Reduce a* and xt to the ſame common index 1 
Fat A 1A , index 
4 A 2d nr 
Therefore a At and A = = quantities required. 
3- Reduce 3 and 23 to the common index 3. 
| Af, n and . 
4+ Reduce @7 and ze to the common index 3. 


au. ft Ni. 


[I _ an and hm to the ſame radical ſign. 
Au. mi a” and I 805 


N oB LEM H. 
To Me ſurds to their moſt ſample terms. 


RULE, 


1e 
ce 


d. 


==" 


di- Find * root of the greateſt power contained in 

8 the given ſurd, and ſet it before the remaining 

7 — with the proper radical ſign between 
em 


"EXAMPLES! 


1. /48=4/3X* 6=4/ 16 K ei. 
2 VN N N ˙⁰N⁰ NN VJ. 
X E 


ties 


38 S UF D $ 


3. VISIT RE =. 


4. VA r N Vr * 
Sa pt * re, a. x" P*=ax 78 
=3a 
we Dany . 
27 . 4 0 5” 
PROBLEM IV. 
8: : 6. 
To add furd quantities together. 1 
/ X's 
N U L E. N ; 1 
' V's 
. Reduce thoſe quantities that have unlike in- , 
thay to equivalent ones, having a common index. 7. 
2. Bring all fractions to a common denominator, 
1 and reduce the quantities to their ſimpleſt terms, as — 
in the laſt problem. 1 


3. Then, if the ſurd part be the ſame in them all, 
annex it to the ſum of the rational parts, with the 
fign of multiplication, and it will give the total ſum 


uired. 
"EF the ſurd part be not the ſame in all the quan- 
tities, they can only be added by the ſigns + and —. 


KXAMPLES: 


1. 24/5+74/$S53+7X4/5=9/5- 
2. 27 +Y/48S3V3+413=7V% 


SUR D 8. 


39 
3. 50 e eee 


L* — 
4. ara e , 0 
eee N 


72 36 K* 
+ . 
1 25 = N * . 77 
25 * 2 
5 6 — — 
927. — ee 11 ! 


' 
6, => 4 


2 
* I 


* —— DD — 
in . BETTE 


11 
x — — 1 Tee 
W 1 6 
EN | 
2 * | 2 
ex. ue + 
tor, > op 
„ As 


3 I a. 3² 42432 5 
7 * e * - 


F 
To ſubtract ſurd quantities, 


all, 
the 
ſum 


Uan- 


. R UI. E. 


prepare the quantities as in the laſt rule, and an- 
nex the difference of the rational parts to the com- 
mon ſurd, with the ſign of multiplication. ; 


* 
1 


I, Es Miner i 24/18, 
E 2 


40 $ UK 8. 


2. ee -o =2X5X 
V2—1X3X4/2=74/2. 

3 Gigi; N . 
—2X3*=F=2x3*=2 x37, 

4. + 80a*x—4/ 208*x*=4/ 1 Xa 


VN Xoexm=4a*y/ 5x —2ax4/ S A z 
XY 5x. © 
24 Fo 36K 
5. * 3 * 2 — 
* 75 7 25 75 


=X/=—=5x/—=6Jxy/—= 
75 + r ir 


2 


. 5 
„ eie at dot” 
pr”. 1_PAS* ,1' Pr 


> 3 N 


PROBLEM VI. 
To multiply fard quantities together, 
| RULE. 
Reduce the ſurds to'the ſame index ; and then the 
product of the rational quantities being annexed to 


8 URI DU 8. od 


the product af, the ſurds, "vil * 5 da _ 
82 2 £ | I 


1 
4X 3? . 
C 


_ 2 22 \ * | : 


2 4 On i 20 — 


. ni | 
2.3/8X24/653X24/8 ns amd 7 
ant tn 


Ag 7 3 ＋ 10 12 
4 th 17 T* eg 
7 CR 
5 2 2 1 io W M61 


DS ENS . 3X 3 1 
2 1 rel X v/2X17 "Fo 2 


; e 5 


5. ; Stn e 4 15 11 
6. 5455 6 „getz 7 fx fg 
„iz rr. 155 

LO ie ra nt... 


— | 
E * ee 


0 5 Py * — * 
E 3 f 
12 


1 the 
d to 


43 - * WF. R D S. 


nds * N . = ; 


9. ee = 
10. A 4 
11. aeg. 
12. nee N 
=va EY: 


: 


'P R 0 B LE 1 vn. 
7 8s divide one ſurd quantity by a: 


« 
w \ 


RULE. 


= the cards to the ſame index ; ; and has the 
quotient of the rational quantities being annexed to 

the quotient of the ſurds, ,_ give — whole quo- 
tient 3 | 


EXAMPLES: 
1. COON * 33s. 


2. 8/ 108-2 /6=—4/ = —=4v18 =4V/g x2 
=124/2. | 


6. 2.44. 5 e 1.3, 


C448 Wy 15 
7 * —＋ * 1 . 
7· e eee 
A ee 
— * — 
7 7 77 77 5 of 


9. n ee 
10. - TV- e- ne t. b=d. 


PROBLEM VII 
To involve furd quantities to any power. 


RU L E. 
- Mukiply ir get of the 1 1 by the index 


* 


of the power to to the reſult annex 
2 — Prowny and it W n 
3 


S UD 


EXAMPLES: 3 


1. The e cube of kee 2 NY 
2. The ſquare of — * 4,3 po thy 7 


„ For 8 10 


hr The 4th power of * an 15 
r 
. 775 


5 ( = U 2 
= 76 © = * 


The hens of - 


= 
Fs =" : 57 
. 


5. The »th power ts el x- 


N 3. 
6. The ath power of R . = 1, 


Þ The ſquare of 3+4/5=14+6y5. 
. The cube of x— N +39 . 


PROBLEM 1x. 


ha 

| . th 

To find the roots of ſurd quantities. * 
th 

R U: L E. m 

O 


- Divide'the index of the gires quantity by the 
— root to be extracted, and to the reſult 
add the root of the rational part, R 
the root required. 


FM 


$S UR Ds. 


EXAMPLES: 


1. The ſquare root of pp =" 
2. Thecuberoot of —x a= 


3. The cube root RET =, EY 
= D . 


4+ The 4th root of zr x 1535 IR 


5. The eth root of S 

6. The zth root of ag TP 

7. The ſquare root of x*—4x4/a+4a=x—24/8. 
8. The zth root of x—24/x+y=x—2 Ar. 


Of INFINITE SERIES. 


An infinite ſeries is formed from a vulgar fraction, 
having a compound denominator, or by extracting 
the root of a ſurd quantity; and is ſuch, as, being 
continued, would run on ad infinitum, in the manner 
of a decimal fraction. And, y obtaining a few of 
the firſt terms, the law of the greſſion will be 
manifeſt, ſo that the ſeries may be continued, with- 
out actually * the whole operation. 


bp OBLEM I. 
To reduce frational quantities into infinite ſeries. 


2 


46 INFINITE SERIES. 


R UL E. 


Divide the numerator by the denominator, as in 
common diviſion; and the operation continued, as 
far as ſhall be thought neceſſary, will give the ſcries 
required. | | 


_ EXAMPLES: 


1. Let be propoſed to he thrown into an in- 
a- . 
finite ſeries. _ (ERNIE 36 3 
„ af 
— «oe & 3 11 &c. 
3 ) ax « ( 17714777 
——— | | $*) 84. 


7 mt” Cw * 6323 _ 


to 


in 
as 
es 


1- 
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2 a 28 * 
2. Let . be propoſed to be thrown in- 
g a +2ax+x 4 
to an infinite ſeries. 


2 2 2 —— — — — „ 
a*+2ax+x*%)a* . . (1 77 * 
a* + 24x 
La | * 
. nM 
LE 
354 
„ th 
6x3 , 
348425 44 
a a* 
—. * 
a a* 


"a a a? 
a* * " 1 * * k | « 
into an infinite ſeries. 


x+6 
a &h © a*b3 
eee e ee 


4. To throw 


5 „ 0 


5. To throw = into an infinite ſeries. 
tape Ix T -t &c. 


48 INFINITE SERIES, 


$4 1 
6. To throw — into an infinite ſeries. 
= I+x* —3x cates 


af. 2512247113 34¹ Oc. 


PROBLEM l. 
Do reduce a compound ſurd into an infinite ſeries. 
B 4 - 8 "514 ae 
Extract the root as in common arithmetic, and 


the operation, continued as far as ſhall be thought 
2 will give the ſeries required. 


EXAMPLES: | 
1. Extract the ſquare root of a*+x* in an infi- 
þ Sn . ** * x* x 
5 2 2 — ͤ —— — — — 
n 2a 8a My 12847 * 


Co 
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11 we 
2. Throw Ai into an uw ſeries. 
Anf. * of af of 52 . 
N ee 
3. Throw a*—x1* into an infinite ſeries. 
t | A * * . x5 £9 
e ee 
4. Throw 1—x] into an infinite ſeries. 
Au. 1 — x * S. 
"Conn Ss een 


PROBLEM Ii. 


To reduce a binomial ſurd into an infinite ſeries ; 
or to extract any root of a binomial, 8 


Fee? RULE. | 
Subſtitute the particular letters of the binomial, 
with their proper ſigns, in the following general 


form, and it will give the root required ; ob —_ 
that P is the firſt term, Q the ſecand term divide 


by the firſt, — the index of the power or root; and 

n ”% ; 
r 
Zus. | | That 


r =P5 (A) +Z.A QB) +®Z*BQ(C) + 
— 42 2 D (E) dee. | 


3n 
2 EXAMPLES: 

. To extract the ſquare root of *, in an 
infinite feries, 2 ä 


F 


52 INFINITE SERIES. 


Here Pa . and 2 — 5 


2 


Thersfore =} EN 7 B Se 
e — Ec. 1 


8 
— 4 ED Sc. 
+ += +35 


And, by . — 'he walues of, A, B, C, D, Er. 


at Pa 
ave ſpall have ri =r . 


2. . To extract the cube root mh in an in- 
finite ſeries. 


| 7 his Tala. reduced, , is 2 4 * a 


ge nel 6 


14. amn OT 
Ver a A441 72 = * — B 
2 a 5 WEE! * 


i N c. 2 

= — - —_ == — IIa 
Wd don. | 110 | 222 

T Ii 2 > doe 12 * 1. 5 
x 5 40 110x* 


— TT - Hap? 9 


en 5 I" 
er. ar requited,”?* l l gre fr 157 | 


I 


— 
* 


-- 


10. 


INFINITE SERIES. 6 


3. 70 find the value of _ in an _ ſeries, 


1 
4. To find the value of 1 in an infinite 
4 — 
ſeries. Mn mT .15x5 | 
en 


5. To find the value of = in an infinite ſeries, 
d A 


1 14 þ 2 1 ; 
An/. 1 r- — e. 


6. To find the value "= in- an infinite 
ſeries. I 11421 3x* +. 353% 3.3 . 
Hf. 9 5” CS" 0 1 1275 95 


F Findthevalue of. 5, in an _ ſeries, 
** 2x* - 
7 — — 
n hs 5% . 25a* 1255 Se. 


1 To find the value of 1 A in an infinite ſeries. 


'' & 3 ere 
* 21 4 4848.12 18. 12. 7G Cc. 


9. To find the value of 2 8 in a ſeries, 


4a — x* 


= I + = 


10. To find the value of — = — 4 in a ſeries. 


tit 22 - &:c. 


F 2 


<6, Ee. 


24 


the 20th term, is = 


4 2 
ARITHMETICAL PROPORTION, 


Arithmetical proportion is the relation which two 
quantities, of the ſame kind, bear to each other, 
with reſpect to their difference. 8 
Four quantities are ſaid to be in arithmetical pro- 
portion, when the difference between the firſt and 
ſecond is equal to the difference between the third 
and fourth. n | 

Thus, 3, 7, 12, 16, and a, a+6, c, c+6, art 
arithmetically proportional. 

Arithmetical progreſſion is when a ſeries of quanti- 
ties either increaſe or decreaſe by the ſame common 


difference. 


Thas, 2, 4, 6, 8, 10, 12, &c. and a, aT, a+26, 
a ＋ 36, a+4b, a+56, &c. are ſeries in arithmetical 
progreſſion , wheſe common differences are 2, and b. 

The moſt uſeful part of arithmetical proportion is 
contained in the following theorem: 

I. If four quantities be in arithmetical propor- 
tion, the ſum of the two means will be equal to the 
ſum of the two extremes. 4: | 
" Thus, if 2, 5, 7, 10, and a, 3, c, d, are in arith- 
a rr | [0 . 

II. In any arithmetical ſeries, the laſt term is 


metical proportion, then will 2+10= 5+7, and 


equal to the firſt, more the product of the common 
difference by the number of terms leſs one. 


Thus the 20th term of 2, 4, 6, 8, 10, 12, &c. 
is =2+20—-1X2=2+19X2=2+38=40, 

And the nth termof a, a H, a+2x, a+3x, a Ax, 
&c. is =a+n—1XxZa+n—1x. 

III. The ſum of any ſeries of quantities in arith- 
metical progreſſion, is equal to the ſum of the two 
extremes multiplied by half the number of terms. 

Thus the ſum of 1, 2, % 4, 5, 6, &c. continued 10 


1 22 82922. 220 21 X10= 
* 2 


20-210. 


ꝓpropo 
- Re 
quan 
ther | 


GEOMETRICAL PROPORTION. $3 


' And the ſunt of n term. of 4, r, a+ ax, a+ 35, 


4 ee Ye 7 5 2-1 OM. 


: 
* o 0 . , * 4 - " 4 
1. * 1 33 4 4 14 141 9 ff 


ro 160217 tiensto Tuck 


on0MeTRICAL PROPORTION. 


oo pertlen:is that relation of two wenn 
tities, of the ſame kind, which ariſes from conſider- 
ing what part the one 15 of 12 other, or how agen 
it us contained; 1 In s F; ein 

In four proportional quantities, the rſt and third 
are called the rr and the ſecond and fourth 


the canſequents. 
Ratio 15-the ; which ariſes From dividing 


5 Et eee conſequent 


by, the an 
F our 18077 pe) ſaid to be poker eval, when the 
e con, ag 


fir is the ſame part or multiple 9 
the third is of the fourth. 
8 e e a», Arenas? 
ca 2 
EY proportion \s:wheni-the- fame relation fublth 
tween the firſt term. and the econ d,, beten 
Saad d t & Wörek. We 
de ri 3, 6, 57-10," yer. arg in dire 
er * 
eiprocal, 2 ve 45 proportion,” id Ren! one 
= inere th fe” roportion” Het ak 
dere 11 S td F op 21207 de 
Thus, 2, 6, 9,251 "and a, . 'br, #, att" verſe 
proportion. 
A ſerias of 1 wh Jail to Bi FB entice] 
propre * when the firlt has'the fame ratio 'tofthe 
ſecond; as the ſecond to De N the third 
ts the fourth, Jools | 
X09: 6 X 0 * 17 TREES ae * 
3 21: 27 (81) 


„ GEOMETRICAL PROPORTION. 


17 War, 2, 4s 8, 16, 32, 64. &c. and a, ar, ar*, arꝰ, 
ar“, ar*, c. are ſeries in geometrical progreſſion. 

The moſt neceſlary part of geometrical proportion 
is contained in the Allowing theorems, 

I. If four quantities be in geometrical proportion, 
the product of the two means will be equal to that 
of the two extremes. 5 res 252 

Thus, if 2, 4, 6, 12, and a, ar, b, br, be geome- 
trically proportional, then will 2X12==4X6, and 
a Xbr=bXar. 

II. If four quantities be in geometrical propor- 
tion, the rectangle of the means divided by either 
of the extremes will give the other extreme. 

Thus, if 3, 9; 5; 15, and x, ax, y, ay, are geome- 
trical proportionals, then will 9205. 15,and . 

| a 

III. The ſum of any ſeries of quantities A1 geo- 
metrical progreſſion, is found by multiplying the 
laſt term by the ratio, and dividing the difference 
of this produR and the firſt term by the ratio leſs 
. Nn ot 263015, 2% 19015? 2: 


" TBus, the faniof 2,4; 8; 16; 32, 644.128, 256, 512, 


— x 
Aud the ſam n terms of a, ar; ar*, ars, ar*, Oc. 
warty LCL SIS. 
r—1 11 f 
IV. H four quantities, 4, 6, c, d, or 2, 6, 5, 15, 
are proportional, then will any of the following 
Forms of thoſe quantities be alſo proportional. 
I, #rreftly. a: bine: d or 2:65:18. 
2 inverſely bra: d: or 6: 211525. 
3. elternately a:c:;b:d4 or 2:5 76:15. 
4. compoundedly a: a+6:.c:chder 2:8: 6: 20. 
. dividedly à: bG— at: -t or 2:45: 10. 
. mixtly b+a:b—a::d+c: d—c er 84: 20: 10. 
7. by multiplication ra: rb: c: d or 2 * 36): GN 
116) :: 5:15. ö 


5, 
ng 


STMPLE-EQUATTON'S. x5; 
en dens Wye nab 31S e 
8. by di viſſon a. Nee —(1) = (33 
5 ls: 


SIMPLE EQUATIONS. 


An equation is, when two equal quantities, diffe- 
rently expreſſed, are compare together, by means 
of the ſign = placed between them. 

Thus 12—5=7 is an equation, expreſing” tlle 
equality of the quantities 12 —5 and 7. 

H ſimple equation is that which contains only one 
unknown quantity, without including its power. 

Thus AT r is a ſimple equation, containing | 
only the unknown quantity x. 

Nedaction of equations is the method of finding the 
value of the unknown quantity; ; which is ſhewn in 


the following rules. | 


RULE I. 


Any quantity may be tranſpoſed from one fide of 
the equation to the other, by changing its ſign. 
Fubu, FAT z N, then b 1 V7 —3 =4 L 
"And, if x—44+6=8, then will x $4 4—6=6: 
Ah, FAT e, thin willxmoe= 4+ a—b. 
And, in like manner, if . 205 05 0 
et edler or X=28. hy 


" SW LS U. 


If the unknown term be multi plied by any quan- 
tity, it may be taken away by 3 all the other 
terms of the equation by it. 


56s SIMPLE EQUATIONS: 


Thus, if ax=ab—a, then will x=b—1., 


And, 2 if 2x+4=16, then will x+2:=8, and x 
8—2= 


In like manner, if ax + 26e 3, then will x+26= 


a3, and x=2©_ hah, 
Tf TI Eat at FFT . 
R U L E. a. 


"= the 4 end hy term be divided 3 in "35" 
it 3 be taken away by multiplying all the other 
rms of the equation by ler i er 


Thur, ADEN then au ere Fee, 1 N 


cot, 2 =}: + 4 then quill = a4 arma. 


. 
u 18K 37 09111) Wi nan Ron 1E u:! 16 


=18+ 12, and2x=18 + ble 36, ar ein 


I 


10 bt ee gi N. UL E IV. 


1navp vn 
ISL 120 Rar 1 20 9473 02 11036193 3:7 
The unknown, quantity. in- any. tion may be 
made free, from ſurds, . by trap{poſing reſt of the 


terms according to the rule, and — involving 
each ſide to ſuch a dr as is denoted by the index 


of the ſaid ſurd. K 4) 3 Ul 
Thus, if aas, then will ACID. 
and x=8*=64. + s 1 A A0 A 


Aud, if ,v 1+ 165.124 ben will 4. e 


e 16228 ee n It, * 


and 
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In like manner, if V 2x+3+4=8, then will 
T/2x+3=8—4=4, and 2x+3=4*=04; and 


2x 264—3 =61, or #Z===$0H- 


RULE V. 


I that fide of the equation which contains the 
unknown quantity be a complete power, it may be 
reduced by extracting the root of the ſaid power 
from both ſides of the equation. 


Thus, if x*+6x +9=25, then will x+3=v 25=5, 
or X=5 —3=2. ns 

And, if 3x*—9=21+3, then will zug 2143 
+9g=33, and x*= 33. —1 of x2x 13. 

In like manner, 39S 10=20, then will 2x*+ 
zor go, and 924 15230, or x*=30—15=15, or 
X=v 15» | | | 

RULE VI. 
Any analogy, or proportion, may be converted 


into an equation, by making the product of the two 
mean terms equal to that of the two extremes, 


Thus, if zx: 16:5: 10, then will 3x 10=16X5g, 


and 30x==80, or — 
3 . 
And, 7 : an: c, then will as, 
3ab 


ard 2cx=3ab, — 


. 
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In like manner, if 12=x : =? *6 71; then will 


4x 


2 2 6 12 * 
r e and 2x+&X=12, or 8 4 


RUL E VII. 


If any quantity be found on both ſides of the 
equation with the ſame ſign, it may be taken away 
from them both; and if every term in an equation 
de multiplied or divided by the ſame quantity, it 
may be ſtruck out of them all. FO 


Thus, if 4x+a=b+a, then will Ave, and 

n 

And, if 3ax+y3ab=8ar, then will 3 I 5b==8c, 
8:56 / 

and x= 18 BIT 

2x=16, and x=8. 9 p oo 1 


- MISCELLANEOUS EXAMPLES, 
1. Given 5x—15=2x+6 to find the value of x. 
Firſt 5x—-2x=06+159 © | 
n 
and x. = 5 
; | 
2. Given 40o—bx—16=120—14x to find x. 


Fir 14x—b6x=120—40+16 
then Bx=96 | 


and, therefore n 


SIMPLE-EQUATIONS. gy 


3. Let gax—36=2dx+c be Ls to find *. 
Firft, gax—24x=c +36 
or ga- 2zd x x=c+136 

<+36_ 

ca—2d 

4. Let 3x*—10x=8x+a* be given to 5nd » x. 
Firft, 3Xx—10=8-+x | 

and then 3x—x=8+10 

8 


therefore 2X=18, and & _ e. 


5. Given 6ax*—12abx*=3ax%+6ax?, to find x. 
Firſt, dividing the whole by 3ax*, we ſhall have 
t 2x—4b =x+ 2 : 
and then 2x—x=2 Þ+ 46 
hence x=2-+ 46. 


and therefore 12 — 2 


6. Le. 10, be given to find x, 


2 


Firf, . 
6x _ 


ill 
and then 3x — 2&4 


703 
and 12 — 84 KG 240 
therefore lo 240 


and . 
10 


7. en 202 to find r. 
| Firft, = ig | 


and then zu zx 20 52 - 
| and therefore 3x+ 2x+ 1 1205249 


15 * that i is dE 72, or =. 


& SIMPLE EQUATIONS. 
8. Let vV>*+5=7s be given to find x, 
Fih, Ins 
a then = 


2 
; * 


2* 
9. Let x+y/a* A= = 
Firſt, xv a*+x* + 2 +La*+x*=2n* 
and then x 7 +x*=a*—x* 
and x* Xa Þxi=at — mat—20*x* + x | 


or a 8 2a*x* ＋ x* 
 *phence a +24"x"*=a*, or ga" x*=ab 


be given to find x 


a4 conſequently x = > and => e 


EXAMPLES FOR PRACTICE. 


1. Given x+18=3x—x to findx. An. K 111. 
2. Given 3y—a-+6=cd to find y. 
45. 1 


3. Given 6—2x+ 10=20+3x—2 to find x. 
8 4 X=2, 
4. Given 17 3 =bx=a to find x. 
| wall 
hf. 2 


«1 


SIMPLE EQUATIONS. 6r 


5. Given — + 71 2 to find x. 4 
Aue Nc 


6. Given 4 <= to find x. 
. 


Anſ. a 
7. Given / 12+x=2+4/x to find x. 


Anſ. x = 4+ 
$. Given  a*+x*=8*+ A: to find x. 
dof. x= . 
24 


9. Given & Ta N b*+x* to find X. | 


Anſ. x ==———& 
4 


PROBLEM -1. 


To exterminate two unknown quantities, or to reduce 
the two ſimple equations containing them to a ſingle one. 


RULE I. 


1. Obſerve which of the unknown quantities is 
the leaſt-involved, and find its value in each of the 
equations, by the methods already explained. 

2, Let the two values thus found be made equal 
to each other, and there will ariſe a new equation 
with only one unknown quantity in it, whoſe value 
may be found as befbre. FEY TPO 


8 
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EXAMPLES: 


3. Given ads to find x and y. 


From the firſt equation a= -, 
- 2 
Io+2y 


and from the ſecond x = 


5 
and conſequently 4 37 10727, 
or 1 ts; 
or 19y=115—20=95, 
d == 
e 
awhence . 
2 


2. Given 1225 7 to find x and y. 
x—y=6 
From the firft equation x=a—y, 
and from the ſecond, x=b +), 
Therefore a— —=b+ „, Or 2y =a—b, 


4 and conſequently y ===, 
2 
3 b 
and x=a—pman = . 1. ( 
; would 
0 9 | in tha 
; WW. 3. 
3. Given 15 to find x and y. * 
. 2 equati 
| value 


2 
Fr rom Fa Fr 22 I * — 42 


and from the ſecond x=24=2, 
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Therefore 14— * 24—D, 


and 42—2y =72—Ds 


or 864—4y =144—9y; 
whence 5y=144—84=60, 


and — 12, 


and x=1 4——= I 4—+=6. 


4. Given 4x+y=34, and 4y+x=16, to find x 


and y, Anſ. x=8, and y=2. 
Jo Given 3 and 822 


5 1 4 5 120 


RECON Anſ. x=— and 5 
6. Given & 4 =, and x*—y*=d, to find x and y. 
244 Band 
41. N= 77 , W 27 . 
RULE II. 


1. Conſider which of the unknown quantities you 
would firſt exterminate, and let its value be found 
in that equation where it is the leaſf involved. 

2. Subſtitute the value, thus found, for its equal 
in the other equation, and there will ariſe a new 
equation, with only one unknown quantity, whoſe 
value may be found as before. 


G 2 


7 
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nme. 


x+ 2y=17 
* 2 
Fram the firſt equation X=17—2y, 
Aud this value ſubſtituted for x in the ſecond, gives 
17 —2) XJ—Y=2, 
or 51-60 —) 2, or Il—7y=2; 
that is D =S1—2249 5 
49 


1. Given to find x and y. 


Whence r ), and xX=17—2y=17—14=2, 


2. Given 3 to find x and y. 
From the ff equation æ 3, 
And this value being ſubſtituted for x in the 2d, 
Side. 13 —J—y=3, er 13-29 3, 
that is 2YZ13—3=10, 


or = —=5 and $=13=—y=13=5=8. 


3. Given bi } to find x and. yo 
The firſt analogy turned into an equation 
is bx==ay, or x= 7 , 


And this value of x 1 1 in the 2d, 


| gives 2] + Kc, or = <= +3 =, 
N f ch 
or a*y Te, or y*= FOIL 
ca* |E 
and therefore IETF 7 7 , a EZ ITT . 


V 


2. 


1 
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4. Given > +1899, and —+78=51, to find 


x and y. | Hf x=7 and y=14- 
. Given — 1282438, an Few FAS 
5 2 *3 8 4 A \ 1 | 5 wy 3 9 P 


2 27, to find * and y. Anf. x=bo and y=40. 


6. ven a: GH 25 and x*—y*=4, to find x 
Af. = — &, and Pc mag —=Y» 


RULE III. 


Let the given SAS be multiplied or Aivided 
by ſuch numbers or quantities as will make the 
term which contains one of the unknown quantities 
to be the ſame in both equations; and then by 
adding or ſubtracting the equations, according as is 
required, there will ariſe a new equation with only 
one unknown quantity, as before. = 


EXAMPLES: 


— 


1. Given 1 t = to find x and y. 
Firſt, multip'y the 2d 2 by 3. 
aud ave hall haue zu T 42, 
Then, from this. laſt equation ſubtra# 4 fr, 
and it will give by—5y=42—40, or y=2, 
aud therefore X=14—2)=Z14=4=10. + 


G 3 2 O08 O7 
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und Gtren e to find æ and y. 


Loet the 1 equation be multiplied by 2, and the 2d by 
5, and wwe fb have 10x— 6y=18 | 
| * 2280 
and if the former of theſe be * from the latter, 


it vill give 31z=62z, 4 


: and conſequently x=2 E, by the firſt equation, 
| 9+6__15 


| « BY XR ————_——. 
5 3 


5 


' Another met bod. 


Multiply the firſt equation by 5, and the ſecond 55 3. 
and aus. Hall 2 28K — 18528845 
Gr IF 48 
Now, tet theſe two equations be added together, 


un auill give 31X==93, Or X=— 513 


nd conſequently ===, by the 2d equation, 


or = Enna as before. 


MISCELLANEOUS EXAMPLES: 


r. Given zi, and 255 4104=192, 
to find x and y. | _ * nh Arg and y=3. 


2. Given = + 14=18, and 2 + 16=19 
to find x and y. An x=5, and y=2. 


to 
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3. Given 2 . and 2, 
to find x and . Anſ. x=6 and y—8. 


4. Given ax+by=c, and dx+ey—=f, to find x 
and y. Wee 164 — Comb fy af—dc. 


PROBLEM I. 


To exterminate three unknown quantities, or ts re- 
duce the three ſimple equations, containing them, to a 


Angle one. | 


RULE. 


1. Let x, y, and x, be the three unknown quan- 
tities to be exterminated. SL 

2. Find the value of x from each of the three 
given equations. X 

3. Compare the firſt value of x with the ſecond, 
and an equation will ariſe inyolving only y and z. 
4+ In like manner, compare the firſt value of x 
with the third, and another equation will arife in- 
volving only y and x. 

5. Find the values of 5 and z from theſe two 
equations, according to the former rules, and x, y, 
and z will be exterminated as required. 

Note, Any number of unknown quantities may 
be exterminated in nearly the ſame manner, but 
there are often much ſhorter methods for performing 
the operation, which will be beſt learnt fgom 
practice. I 
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EXAMPLES: 
L 


x + + x 229 


1. Given | ITY 2+ - wp to find * and x. 
x 242 e | | 
From the Pr 1 * 2 29—— . 
Frem the ſecond x=62—2y—3z. 
F rom the third x=20—Y — 


whence 20 —y—2=62 —2y—3Jz, 
—— 2y K 
and 29 —y—2= e 


3 
but, from the firſt of theſe equations, 3=62—29 2x 


=433—22, 


and from the fecond y=27—Z, 
| 2 


therefore 33 —22 2292, or Z=12, 
6 2 
and y=62—29—22=62—29—24=9, 
and x=29—,y — 2 =29—12 9=8. 


JIA (=42 +==62 


2. Given 1 to find x, y, and x. 


24242238 

(4 * : 

F irft » the given equations, cared of fraction: > become 
I2x+ 8+ 62=1488 
20x+15y+12z=2820 

30x T2 T 20. 2 4560 
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Ther, if the ſecond of theſe equations be ſubtracted 
from double the firſt, and three times the third from five 
times the ſecond, we ſhall have | 

f 4x+ y=156 
lOx + }Jy=420 
And again, if the ſecond of theſe be ſubtracted from three 
times the firſt, it will give 
 12x—10x=468—420, or x =S=24 
Therefore y=156—4x=60, and x —.— 2 
=120, 1 

3. Given x+y+2=31, x+y—2=25, and x—y 
ng q, to find x, y, and x. 

Anſ. x==20, y=8, and $=3. 
4. Givenx+y=a, T, and y+z=c, to find' 
x, Y, and x. 


ax + by + cz N 
5. Given 22 ö to find x, y, and 2, 
8* 445 += | 


A COLLECTION OF QUESTIONS 
PRODUCING SIMPLE- EQUATIONS, 


1. To find two numbers, ſuch that their ſum ſhall 
be 40, and their difference 16. 

Let x denote the leaſt of the two numbers required, 
then will x + 16=to the greater, 
and x + x + 16==40 by the queſtion, 
that is 2xX=40=-10=24, b 


+ 
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or iz leaſt number, 


and x+16=12+16=28= greater number required. 


2. What number is that whoſe 3 part exceeds its 
+ part by 16? 


Let x= number required, 


then will its 3 part be., and its I part ; 
3 
and therefore. g 16 by the queſtion, 
| 33 


that is & — 48, or 4X—3JX=192 3 
| eee : 
whence x=192 the number required. 


3. Divide 1000l. between A, B, and C, fo that 
A ſhall have 721. more than B, and C 100l. more 
than A. | 

: Let x= B's ſhare of the given ſum, 
then will x + 72= A's ſhare, 
and x +172=B's ſhare, 
And the ſum of all their ſhares x+ x +72 +x+172, 

or 3x +244=1000 by the queſtion, 
that is 3x=1000—244=756, 


or x=D*%=3521.= B*s ſhare, 


3 ; 
and x + 72=252+72=3241.=4's ſhare, 
and x+172=252+17224241.=C"s ſhare. 
| | 2521. 
3241. 
4241. 


r000ol. the prof. 


5. A prize of 1000l. is to be divided between two 
perſons, whoſe ſhares therein are in the proportion 
of 7 to 9: required the ſhare of each. 


r os eats Os oo 


* 
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Let x= firſt per ſon ſpare, 


then will t000—x= ſecond perſon's ſhare, 

and x: 1000—x::74.9, by the queſtion, 

that is 9x = 1000—x X 7 =7000——7x, 
or lx —= 7000, 


whence x=D==4371. 10s. = 1/} Hare, 
I 


and 1000—x=1000—4371. 108. = 5621. 10s. 24 ſhare. 


6. The paving of a ſquare at 25. a yard, coſt as 
much as the incloſing it at 5s. a yard : required the 
ſide of the ſquare. 


Let x = fide of the ſquare ſought, 
then 4X = yards of incloſure, 
and x*= yards of pavement ; 
whence 4x X 5 =20x= price of incloſing, 
and x X 2 r of paving. 
But 2x*=20x by the queſtion, 
therefore x*= 10x, and x lo length of the fide 
required, | 


7- A labourer engaged to ſerve for 40 days upon 
theſe conditions, that for every day he worked he 
ſhould receive 20 d. but for every day that he play- 
ed, or was abſent, he was to forfeit 8d. now at 
the end of the time he had to receive 11. 11s. 8d. 
the queſtion is, to find how many days he worked, 
and how many he was idle. 


Let x be the number of days he worked, 
then will 40—x be the number of days he was idle, 
alſo x X 20=20x= ſum earned, 
and 40—x Xx 8= 320—8x= ſum forfeited, 
whence 20x—320—8x= 380d. (II. 115. 8d.) by 
the queſtion, that is 20x—-320+8x==380 
or 28«=380+320=700, 
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and x=LD==25 =. number of days he worked, 


and 40—x=40—25=15= number of days he 


was idle. 


8. Out of a caſk of wine, which had leaked away 
4, 21 gallons were drawn; and then, being gauged, 
it appeared to be half full: How much did it hold? 


Let it be ſuppoſed to have held x gallons, 
T hen it would have leaked * gallons, 


and conſequently there hau been taken away 21+ — 


gallons. 3 
| But 21+ FED by the queſtion, 


That p 63 +x= * od a 
2 


er 126+2x=3x 
hence 3x—2x=126 
or X=126= number of gallons required. 
BY What fraction is that, to the numerator of 
which if 1 be added, the value will be 1; but if 
1 be added to the denominator, its value will be ? 


Let the fraction be repreſented by _ 


Then will XXL ., 
3 3 
. e Bh 
or 34 ＋ 3 ,. 
and 4x=y +1, 


S822 0 


the 
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hence 43 —3 5 +19 
that is x—3=1 175 a 
er K=4, and y=3x+3- 4 
=12+3=15 

. that fed action required. 


10. A market-woman bought in a certain num- 
ber of eggs, at 2 a penny, and as many at three 
penny, and ſold them all out again at the rate of 
5 for 2 pence, and, by ſo doing, loſt 4d. what number 


of eggs had ſhe? + | 
Let x = number of zggs of each fort. _ 


Then will f = price of the fu fort, 


and = price of the ficond fort. 

But 5:2: a (the wholernumber of eggs): E 
therefore 4X price of both forts together, at fue for 2d, 
3 Ac aden 


And. EA by the queſtion 
A rt ne, 
theticn+ 2 xg; ; ey 


3:43 
or zx 21— 2 243 
or ig Io - 24 ob0 
hence x = 120= number of eggs of each fort r:quired. 


11. If A can do a piece of work alone in ten days, 
and B in thirteen ; ſet them both about it together, 
in what time will it be finiſhed ? 


H 
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Let thi time} ſought be "Zenoted 1 by : x, 
Then 10 days: 1 work:4x days: Z , 
+. | 10 , 


and 13 days: 1 work:; xuays: 55 
| Vence == part 2 by A in x days; . 
HEE part 4 B in x days. 


© Comjequenth r k —4 © == 
f RF”: 1 
That ig 5 iz, or 134 10 1303 


Aud er 234 o, of e — 188 the 
time required.” * . 2 23 


12, I one agent A, alone, can produce an effect 
e, in the time a, and another agent B, alone, in 
the time ; in what time will t &y both together 
produce Gs lame effect? 


Then a: enæ: == part e ad as. 


and B:et&: = part of the Met produced by B, 


| Tohence T= MN the queſtion y 


or —+ =" 
tains ee, 
| jap ent ba ; 


and conſeguently 492 5 — time required, 


2:5 30M 


E = 


8 8 


10 
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k 
QUESTIONS FOR rele- 


1. What two numbers gfe. thoſe. whoſe aerence 
is 7, and ſum' 33. Anl. 13 and 20. 
2. To divide the number 75 into two ruck parts, 
that three times the greater may 8 2 times 
che leſſer by 15. and 21. 
3. In a mixture of wine and a ok whole 
plus 25 gallons was wine, and + part minus 5 gallons 

was hk how * gallons were there of each? 
n/. 85 of wine, am 35 of tyder- 
4. A bill f 1201. way paid ip guineas and moi- 
eat and t 1 774 of pieces of Ho th forts that 
were uſed was juſt 190; how many ab there of 
each ? Anſe 50 of each. 
5. Two.tr vellers ſet out at the ſame time from 
London aud York, whoſe diſtance is 150 miles; 
one of them goes 8 miles a day, and the other 7; 
in what time Fit they meet ?.  An/. in 10 days. 
6. At a certain ele&ion 375 perfons voted, and 
the candidate choſep had a majority © of 913 how 


many voted os . ? 


„ 233 for on one, and 142 for thy e 
7. There 10 A 1 i whoſe tail weighs 9. 13 
herd weighs much a his tail and half his body, 
and his ody w hs as much as bis head and | big 
tail; what is the 2 weight of the fiſh . 5. 
72 


8. What number is that from which: if 5 de 
3 of the remainder ill be 40. A. 65] 
is 2 in the mud, 11 in the water; a 


0 
10 LAN ve che water; what is its whole leng th ? 


. 267i 


1 
eee " 
* - 6 
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10. After paying away I and + of my money, I 
found 66 l left in 1. bag; —4 * it 
at firſt? Anſ. 120 guineas. 
.-11. A's age is double of B's, and B's is triple 
1s the age of each)? 
ee ig A. A's=84, B*5=42, and C14. 
12. Two perſons, A and B, lay out equal ſums 
of money in trade; A gains 1261. and B ſoſes 871. 
and A's money is now double of B's; what did 


each lay out? Anſ. 300 J. 


13. A perſon. bought a chaiſe, horſe and har- 
neſs, for Col. the horſe came to twice the price of 
the harneſs, and the chaiſe to twice the price of 
the. horſe and the harneſs; what did he pive for 
each? A. 131. 6s. 8 d. for the horſe, 61. 135. 
| 4 4. for the harneſs, and 401. for the chaiſe. 
14. Two perſons, A and B, have both the ſame 
income; A ſaves + of his yearly, but B, by ſpend- 
ing 50 I. per annum more than A, at the end of 
4 years finds himfelf 1001. in debt; what is their 
r An/. 1251. 
15. A gentleman has two horſes, and a ſaddle 
worth 501. now if the ſaddle be put on the back of 
the firſt horſe, it will make his value double that 
of the ſecond ; but if it be put on the back of the 
ſecond, it will make his value triple that of the 
. 4rſt;. what is the value of each horſe? . © 
8 Anſ. One zol. and the other 401. 
16. To divide the number 36 into three ſuch 
parts, that Z of the firſt, I of the ſecond, and of 
the third, may be all equal to each other? © 
4 * Anſ. The parts are 8, 12, and 16. 
17. A footman agreed to ſerve his. maſter for 
$1. a year and a livery, but was turned away at the 
end of 7 months, and received only 21. 13s. 4d. 
and his livery ; what was its value? 4»/: 41, 165, 


of C's, and the ſum of all their ages is 140 ; what 


rag Sa 


g. 


e a0». 


ſts 


a-piece to 


STMPLE EQUATIONS. 77 
19. A gentleman was deſirous of piving 3d. 


ſome poor beggars, but found that he 
had not money enough ig his pocket by 8 d. he 
therefore gave them each 2d. and had then 3 d. 


remaining; required the number of beggars ? 


E An. 11. 
19. A hare is 50 leaps before a greyhound,. 
and takes to the greyhound's on but 2 


of the grey 's deaps art as much as three of 

the hare's ; how. many leaps muſt the greyhound. 
take to catch the hare? . - _ 300. 
20. A perſon in play, Joſt of his money, and 


fourth 8 23 the fam, difference, product, 
and quotient, ſha} req! pt 90) 
A. The parts are 18, 22, 10, and 40 re 8 
af. 22. he 


a= * # « 


together ? Hf. 1ho. 52, == 


0 dons i os. bo b of iba 5/5 ay dT 
$ b a &. I 1.2} 


Re 4. 
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If three agents, A,B, and C, can produce the 
of, 


a, b, c, in 2 times e, / g, reſpectively: in 
K e effect 4 „ 


Anf. e 
a-+b+c 


what time would they jointly 


eas. If A and B together can pe a piece of 


work in 8 days; A and C together in 9 days; and 
B and C in 10 days: How many days will it take 
each perſon to perform the ſame wor alone? 


2 — of. Arp e 2 ucung. 


e | ade 


NO 1 


— . 2 i "#2 | 


4 Ample quadratic 1 is chat which involves 

the ſquare of the unknown quantity only. 

As adfected quadratic equation is that which involves 
the ſquare of the unknown quantity, together with 
the product that ariſes from multiplying it by 1 
known quantity. f 

Dust ax*=b, is a fimple quadratic equation, 

And ax bx=c is an aditcted quadratic e 

The rule for a ſimple quadratic equation == been 
J given already. 

All adfected quadratic equations al under the 
three n orms. 

x*+ ax —=6 | | 
_ E: 2 ar = 30 A ob 8 
3. K -a -. 


eſe equations, is as follows: 


- 'The rule for finding the value of x, in each of 


of 
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RU LE.“ 


1. Tranſpoſe all the terms that involve the un- 
known quantity to one fide of the equation, and the 
known terms to the other fide, and let them be 


ranged according to their dimenſions. | 


2. When the ſquare of the unknown quantity has 
any co-efficient prefixed to it, let all the reſt of the 
terms be divided by that co-efficient. 

3. Add the ſquare of half the co-efficient- of the 


ſecond term to both ſides of the equation, and that 


ſide which involves the unknown quantity will then 


be a complete ſquare. 
4. Extract the ſquare root from both fides of the 
equation, and the value of the unknown quantity 


will be determined, as * 


© - - % > y 


— — Sh 


* The ſquare root of any quantity may be either + or —, 
and therefore all quadratic equations admit of two foluticas. 
Thus the fquare root of T is +#= or —"; for +n x Þ» 
or — Xx —# are each equal to Tu. So, in the firſt form, 


mhere + /# ound = 4+ the root may be either 


5 is I | - 
u Vie ſince either of them "AM 


N 


Fe will produce vh+= And this am- 
Viguity e by writing the ng the uncertain gn = before 


vb += u. e 


_ 
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Note, 1. The ſquare root of one fide of the equa- 
tion is always equal to the unknown quantity, with 
half the co-efficient of the ſecond term ſubjoined. 
do it. 

2. All equations wherein there are two terms in- 
volving the unknown quantity, and the index of the 
one is juſt double that of the other, are ſolved like 
quadratics, by completing the ſquare. 


Thys, F* rer i, er x" +ax*=b, are the ſame 
4 quadratics, and the walye of the unknown guantity 
may be determined accordiggly. | 


— — rr 


e 2 -- * a 2 2 7 „„ 


| In the firſt form, where «= + 9 Wir the firſt 


value of æ, viz. x= + / 2 is always. affirmative ; 


for fince * is greater han- c, the greateſt ſquare muſt 


3 4 
cel bare tie greateſt ſquare root; LE ery 


aug conſequently + N deen bannen. 


The ſecond value, yiz. x= r n always bo 
negative, becauſe it is compoſed of two negative terms. There-- 


— — 
DDr 0 


fore when x* + ax, we ſhall have x=+4/ 6+ 2 


1 Fe and 5. — 
for the affirmative value of x, and K 2 = if b+ ——— 
for. the negative value of. x. . 


th 
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| BXAMPLES: 
1. Given x*+4x=140 to find x, 
Firſt, x*+4x +4=140+4=144, by completing 
the ſquare ; . WK 
then M NA extracting the root; 
and therefore X=12—2=10. L 
2. Given 3 8=8B0, to find x. 
Firft, x*—-0x=80—8=72 by tranſpoſition ; 
Then x G + 9==72 +9g=81 by completing the ſquare ; 
And x—3=4/ 819 by extracting the root; 
Therefore x=9+3=12. 8 


In the ſecond form, where = ee the 


firſt value, viz. *=+/b+D+— is always affirma- 

tive, ſince it is compoſed of two affirmative terms. The 
2 

ſecond value, viz. *==v/b+——+— will always be 


, * 2 : 2 
negative; for ſince ＋ — is greater than —» the ſquare root 


„ 7 ; MW OTIS 
of hd (== will be greater than 72 or its 


=o 2 

equal; and conſequently — W is always 
"op | 

a negative quantity. Therefore when K* — ax , we ſhall 


havex=="+ 9 * 27. for the affirmative value of x, and 


———— 


— 9 for the negative value of x. 
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3. Given 2x*+8x—20=70, to find x. 


Firſt, 2x*+8x=70+ 20:90 by tranſpo/ition. 
Then x*+ 4x=45 by dividing by 2, 1 
And & + 4x + 4=49 & completing the ſquare ; 
Whence. x + 2==4/49=7 'by extrating the root. 
And conſequently x==7T —=2=5, _ 
4. Given 3x*—3x+6=524, to find x. 

Here, «- - X T2 15 by dividing by 3, 
And x - 13-2 by franſpefflion; 

Alſo *—x TAF 2 41 = by completing the ſqu. 
Aud xi = & by evolution; 


Therefore x. 


* 0 — wu 
— T5 


- _— + © - 


In the third form, where = v/ = 4 both the 
values of x will be poſitive, ſuppoſing. is greater than 5, 
SET er 


| $% eee 
For the firſt value, viz. x= + J=——b+= is evidently 
ſecond value, VIZ. CTY is alſo affirmative ; 
4 a2 y a* 4 
for ſince is greater than — — 6, therefore or — 
= $5; 4 2 
will always be an affirmative quantity. Therefore, when 


— 
-= i, we ſhall have *=+/——=b+— for 


| | — 
the affirmative value of x, and — / — — $ += for the 
negative value of x. 4 2 


qu, 
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5. Given = ofen. to find x, 

Here ZE = 2h to} 22h by rampeftio, 

a. ul by li U 


Whene & 1 = + 3447 by completing the 
Square, 3 
And — * 
Therefore x= 
6. Given a Cue, * 4. 
Firſt, + Soy by . | 


—— =—+= by completing | the 
* hware; peg = 4” mp 8 


8 err D TTY 2 


8 Nu 2 
But in this third form, If be greater than the ſolution 

4 
of the propoſed queſtion will be impoſſible. For fince the ſquare 
of any quantity (whether that quantity be affirmative or nega- 


tive) is always affirmative, the ſquare root of a negative quan- 
tity is 2 and cannot be aſſigned. But if ô be greater 


than S then ——6 is a negative quantity ; and conſequently 


* 1 


Cdn bn impoſſible, or only 2 when — be 
+ | 


— — -- 


„ rn 


* 
leſs than 5; and therefore in area g Vin 
und impoſbt o lag. 
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And += V+ * 1 6 ae 3 


4ac+b* 6 


4a 24 
7. Given ax —bx+e= d, to find x. 


Here, ax*—bx=d—c by tranſpoſition, 


And x — by diæuſcion. 


Therefore æ A 


Ale x — ==+= * completing the 


Square; ® 
And 0 lf * A by ops; z 
22 4a 
"of WS z l 5 
Therefore e e . 0% Y 


8. Given . to . K. 
Here, x* ＋ 2 +a*=b+a* by completing the _ 
: And x Ta by ealutionn n 
Whence æ = b+a—a, | 


Ard conſequently = VIFa—a. 


9: Given e to find x. 


| Firft, ax" — hens by tranſpoſition, 
i And ** e =— 455 diviſion, 


| | 3 3² * 
| th — + oa — 2 10 uur. the 


Aare, * 
3 ons 


And * — * — * EN one” p evolution 3 


UB DW ww 
B+ A 


10. 


Ye 


QUADRATIC EQUATIONS. 


7 herefore == = RE 


85 


2 2 


5 * 
2 * — —— __— 
And conſequently x= if = 7 — = 


EXAMPLES FOR PRACTICE. 


1. Given x*—8x +10=19 to find x. An,. x ?. 
2. Given x*—x —40=170 to findæ. Aus. x=15> 
3. Given 2 * r to find x An.. XZ» 


* 


4+ Given © E +7 — 20 to find x. | 
2 335 Af. x=5-4093, Ge. 
5. Given a*+x=a to find x, 
"MEE 
Auſ. n 
6. Given æ 2 ax—b=c to find x. | 
Anſ. x= 1 2 
7. Given x*—-ax=—6 to find x. 
Anſ. x=34/ ©-b+. 
4 2 


8. n to find æ. 
2 be be 


_ == Eb ah 7 2ad 
9. Given „ to find x, 
Anſ. x. 
10. Given . to find x. | 
| | TY 
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QUESTIONS PRODUCING QUADRATIC 
EQUATIONS, 


1. To find two numbers whoſe difference is 8, 


and product 240. eps 


Let x=10 the leaft number, 
then will x +8 to the greater, 
and xXx+8=x*+8x=240 by the queſtion ; 
Fhence x*+8x+ 16=240+16=256 by completing 
the fjuare, 1 
alſo x+4=4/ 256=16 by evolution; | 
Aud therefore x2 164 =12= laſer number, and 12 
+8=20= greater. 


2. To divide the number 60 into two ſuch parts 
that their product may be 864. 


Let x greater part, 
then will bo—x leser, : 
and x Xx 60—xt=box—x*==864 by the queſtion, 
that is x*—box=—864; © 
JF hence x*—60x +yoo = —864 + 900= 36 by complet- 
ing the ſquare ; AG OS 
Alſo x—30=4/ 36=6 by axtracting the root; 
and therefore x = 6 + 30=36= greater part, 
| and 60—x=60d—36=24= leer. 


3. Given the ſum of two aunhers=is. (a), and 


the ſum. of their ſquares =58 (5); to find thoſe 
numbers. _ | 


Let x= greater of the e are, 
if thin aul. a—x=leffer ? 2 
Aud * - =2x* + o* =2ax=b by the queſtion, 


— 


ing 


let- 


ole 


Mt, 


ing the ſquare. 


And therefore x#= 


And — 4 = === 
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1 of 36 
2 4 


or x*—ax = 3 0 = — by tranſpoſition. 


2 2 2 
| | 1 2 oy 71 
N hence e e — 25 a 
n 
Alſo —— * —ĩ— by extracting the root; 


7 _ = = greater number, 
N | 


ar 2b—a* a 


— — „ 
7 


4 
Hence theſe two theorem: being put into numbers give 


7 and 3, for the numbers required. 


4. Sold a piece of cloth for 241, and gained as 
much per cent. as the cloth coſt me; what was the 
price of the cloth? 


Let x pound the cloth co, 
Then 24 —x= whole gain, 
But 100: x::x: 24—x by the queſtion, _ _ 
Or x*=100 X 24——x5z2400—100x, 
"That is x*+ 100x=2400, | ; 
Whence x*-+100x + 2500 2400+ 2500=4900 by. 
completing the ſquare, 8 | 
And x+50=v 4900=70 by extraction of roots, 
Conſequently x i- go gg price of the cloth. 


5. A perſon bought a number of oxen for 801. - 
and if he had bought 4 more for the ſame money, 


he would have paid 11. leſs for each; how many 
did he buy? 


18. 


% QUADRATIC EQUATIONS. 


Suppoſe he bought x oxen, 
Then = = price of each, 


And to 1 if x+4 had coff 801. 
x 


80 80 
But — = Ce by the queſtion, 


* 


fp $0= DE +3, | 
Or 80x+320=80x+ x* + 4x, 


That is x*+ 4x=320, 
Whence x + 4x +4=320+4=324 by * the 
fuare, 


Ad x+2=% N18 by evolution, 
Conſequently x=18 —2 =16= number of oxen required, 


6. What two numbers are thoſe, whoſe ſam, 


product, and difference of their ſquares are all equal 
to each other ? - 72 


Let x= greater number, 
And y leffer, 


Th x+ _ 
Aud I — N Au, or * A 1 from the ad. equa- 
tion. *FYy 


Alſo y+1 418571 1 xy from the firſt eguation, 
Or yr +y, 
That is y* —=1, 


Whence y* - +4=14 by completing the ſquare, 
Alf 13=— i K by evolution, 


* 


ol. 


the 


'd, 


n, 
al 


N 
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Conſequently =. aud i 


. 
= 


7. There are four numbers in arithmetical pro- 

reſſion, whereof the product of the two extremes 
15 45, and that of the means 77 3 what are the 
n . a : 


Let x= lefſer extreme, 
| and y= common difference, * 
Then-x, x+y, x 25, x + 3y will be the four numbers, 
4 EA 2 139245 0 by the 
x+y XK =x"*+ 3xy + 2z*=77 ©. 


Whence 2y*==77 —45=32, and y*=32=16 by ſub- - 
traction and divifion, 2 22 
Or y=+4/16=4 by evolution, -Þ © © 
Therefore x* + 3xy =x* + 12x45 by the 1 f. equation, . 
Alſo Iz T3645 T 36281 by campleting the 
re, f 
3 =9 by the ertradtion of roots, 


Conſequently x - ==, and the numbers are 3, 7, 


11, and 15. 


8. To ind three numbers in geometrical pro- 
greſſion, whoſe ſum ſhall be 14, and the ſum of. 
their ſquares 84. F- 4 * 

Let x, y, and x be the numbers ſought, | 
Then xz=»" by the nature of proportion, 
But x T 14 by the zd. equatieng,, 

I 3. 


go QUADRATIC EQUATIONS. 


and ef +2xz+2'=196—285 +57 by Jquaring both 


aes, 
Or +2? + 2788196287. +3* by putting. 2y* for 
its equal 2xz, 
That is x*+2* + y*=196—28y by ſubtraSitn, 
or 196—28y=84 by equality, 


Hence gunna by tranſpoſition and diviſion. 
Again, x$=y*=16, n by the 1ft equation,. 


And l by the- 24 rr 


Or n =142, or x — 10 = 16, 
Whence x 10 25=25 16 ＋= Y by completing ble 
Square, 
And 2z=$=4/9=3, er 2=3+5=8, 
Conſequently L aud the 
r, are 2, 4. 8. 


The ſam (>) and the product (y) of any two 
3 5 bein Fee to find the ſum of the e 


cubes, biquadrates, &c. of thoſe numbers. 
Let the tauo numbers be denoted by x and y, 
Then will 1 pas U 3 by the gueſſ ion. 


But 22 = xo 2xy + 2 2 ” involution; 
and x*+ 2xy + 5 . — 25 by. ſubtraction, 
that is x bs x*+ „ =5*—2þ= ſum of the ſquares. 
Again, x* + y* * 22 y=s* —2p Xs by maltiplication, 

or. + xy Xx a, 
jon 19.59 =5*—25p by Jubfituting 25 * its equal! 
N x+ 5 F- 
end therefore x3 += —3p= fo of the cube. 


QUADRATIC EQUATIONS. @ 


th I like manner, x*+y* Xx +3 =5*—35þ Xs by multi- 
plication, 
ah or fax zi, 


or N= 2 i e = by Subſtituting p 
5-25 for its equal xy xXa* +5; 
And conſequently, * -H = N met 
7 = ſum of the biquadrates, or fourth * 
ers ; and ſo on for any power whatever. 


10. The ſum (a) and the ſum of the ſquares (3) 
of four numbers, in geometrical progreſſion, being 
given; to find thoſe numbers. 


* Let x and y denote the two means, 
. 2 2 2 
then. aui — and — be the taus extremes, by the nature 
| 9 * | 
of. proportion. 
2 Alſo, let the ſum of the. two means , and their pro- 
duct =þ. 
And then will. the ſum of the two extremes =a—s hy 
4 the "gy and. their 1 =þ, by the nature of 


| N —2þ 
Hence 55 Swag t by the laſt * 
And 7 A 4 —— — þ=6 by the 


queſtion. 


or EE K N. 
alt But x* + y*=5*—35þ by t laſt problem; 
aud therefore p Xa—5=5*—135þ by equality, 
or pa -p, 3þ5=pa + 2p5=5?, 


„ QUADRATIC EQUATIONS; 


a ＋ 25 5 + 
Whence 85 * PATA — „ by 
* K . 14 R 
ſubſtitution, * THIS) 
9 
1 24 2 — by ion. 


And = N 


| 2 4a* 2a 
extracting the root, 


Aud from this walue of 5, all the reſt of the nant ; 


P, x, and y may be readily determined, 


QVESTIONS FOR PRACTICE. 


1. What two numbers are thoſe whoſe ſum is 20, 


and their product 367 5 Anſ. 2 and 18. 


2. To divide the number 60 into two ſuch parts, 
that their product may be to the ſum of their ſquares 
in the ratio of 2 to 5. Anu. 20 and 40. 
3. The difference of two numbers is 3, and the 
difrence of their cubes is 1 17: what are thoſe 


numbers ?. | | Al. 2ands. 
4. A company at a tavern had 81.-15 8. to pay for 
their reckoning ; but, before the bill was ſettled, 
two of them ſneaked off, and then thoſe wha remain 
ed had 10s. a-piece more to pay than before: how 
many were there in company? 7 4 7. 
6. A grazier bought as many ſheep as coſt him 
601. and, after reſerving 15 out of the number, he 
ſold the remainder for oft) and gained 28. a-head 
by them; how many ſheep did he buy? Aſ. 75. 
7. There are two numbers whoſe difference is 15, 
and half their product is equal to the cube of the 
leſſer. number; What are thoſe numbers? 
Au. 3 and 18. 


1 — by comp, the ſquare, wa” 
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8. A perſon bought cloth for 331. 15s. which he 
fold agaia at 21. 8s. per piece, and gained by the 
bargain as much one piece coſt him ; required the 
number of pieces? _ 15. 

9. What number is that, which when divided 
by the product of its two digits, the quotient is 3 ; 


and if 18 be added to it, the digits will be inverted ? 


An}. 24. 
10. What two numbers are thoſe, whoſe ſum 
multiplied by the greater is equal to 77 ; and whoſe 
difference multiplied by the leſſer is equal to 12? 
pit X | Anſ. 4 and 7. 
11. When will the hour, minute, and ſecond 
hands of a clock be all together next after 12 o'clock ? 
| | Anſ. Only at 12 check. 
12. The ſum of two numbers is 8, and the ſum 
of their cubes is 152 ; what are the numbers? 
2 Inf. 3 and 5, 
15 The ſum of two numbers is 7, and the ſum 
of their 4th powers is 641; what are the numbers ? 
An. 2 and 5 
14: The ſam of two numbers is 6, and the ſum 
of their 5th powers is 1056; what are the num- 
bers! Af 2 and 4. 
15. The ſum of four numbers in arithmetical 
1 is 56, and the ſum of their ſquares is 


864; what are the numbers? 


82 An. 8, 12, 16, and 20. 
16. To find four numbers in- geometrical pro- 
greſſion whoſe ſum is 15, and the ſum of their 


ſquares 85 ? | Anſ. 1, 2, 4, and 8. 
| 4 — 4 | 
17. Given —2 + a? - == to find 
the yalue of x. x 


Anſ. x=2a*+ = . 


2 r 
hank, * 


[94] 


—— 


Of che NATURE and FORMATION of 
EQUATIONS in general. 


All equations of ſuperior orders are generated by 
the multiplication of equations of inferior orders,. 
involving the ſame unknown quantity. 

Thus, @ guadratic equation is formed by the mul- 
tiplication of two ſimple equations. S 

A cubic equation is produced by the continued 
multiplication of three ſimple equations; or from 


uadratic and one ſimple equation. 


iguadratic equation is generated by the conti- 
nued multiplication of four ſimple equations, or of 
two quadratic equations; or of one cubic and one 
* equation, &c. EY 
ar, 


ppoſe the unknown quantity to be x, and 


it values in any ſimple equation to be a, 5, c, d, &c. 
Then thoſe fimple equations, by bringing all 
the terms to one fide, will become x—a=0, x—b 
Do, «- ce, x—d4=0, &c. . 


And the product of any two of theſe, as x—a 


Ne, will give a quadratic equation, or one of 
two dimenſions. 5 4 . 


The product of any three of them, as x—a xx—b 
XX==C==0, Will give a cubic equation, or one of three 


4 


dimenſions. 
The product of any four of them, as æ = X = 
N N -d, will give a biquadratic equation, 


or one of four dimenſions, &c. 


From hence it appears, that every equation has 


as many roots as it has ſimple equations that pro- 


duce it, or as there are units in the higheſt dimen-- 


ſion of the unknown quantity. 


NATURE OF EQUATIONS. 9g; 


For if any of the values of x (a, 6, c, or d,) be 
ſubſtituted in the place of x in this biquadratic 
equation x—4Xx—bXx—cXxx—4d, then will all 

the terms of that equation vanith, and the whole 
will be found equal to nothing. But as there are 

no other quantities, beſides cheſe four, that ſubſti- 
tuted in the place of x will made the product vaniſn; 
therefore the equation cannot poſſibly have more 
than four roots, or admit of more than four ſolu- 
tions. | | 

And after the ſame manner it appears, that no 
equation can have more roots than it contains di- 
menſions of the unknown quantity. 5 

To make this ftill plainer, by an example in 
numbers; ſuppoſe the equation to be reſolved be 
x*— 10x* + 35x*—50x + 24=0, and that you diſ- 
cover that this equation is the ſame with the pro- 
duct of x—i Xx—2 KN INN. ark 

Then you will certainly infer that the four values 
of x are 1, 2, 3, and 4; for any of theſe numbers 
being put for x will make that product, and conſe- 
quently x*—10x3+ 35x*—50x+ 24, equal to no- 
thing, according to the propoſed equation. 

And it is certain that there can be no other values 
of x beiides theſe four; ſince if any other number 
be ſubſtituted for * in thoſe factors, there will none 
of them vaniſh, and therefore their product cannot 
be equal to nothing, according te the equation. 

The roots of equations are either poſitive or nega- 
tive, according as the roots of the {imple equations 
from whence toy are produced are poſitive or ne- 

tive. 

Thus, if you ſuppoſe x=—a, x=6, x=—c, and 
æ zd, then will x +a=0, x—b=0, x+c=0, and x—d 
=o, and the equation x +a K -N TeNo 
will have its roots —a, +6, —c, 44. . 


. 


Fd 


gs NATURE OF EQUATIONS, 
The ent, and co-efficients of equations will be beſt 


underſtood by conſidering the following table; where ng. 
the fimple equations x—a, x—6, &c. are multiplied co- 
continually together, and produce, ſucceſſively, the T 
higher equations. the: 
| hold 
X—=&=0 _ 8 
4 - of 
ee alter 
R * } =0, a quadratic, * 
Leet, | T 
x -c by t. 
uar 
_ Xie} 4745 | "ſel 
—b Car >x—abc=o, a cubic, | T 
—C +6c theſe 
2 and 
Xx—d=0 ＋ 
axt—a + ab —abc | _ N 
— —— & +abcd=0, a bigua- tive 
— e + ad x? —acd 4 . low! 
| ratic. 
—4 ＋ —bcd of iy 
+cd 
Ee. | | : 
From the inſpection of theſe equations it is plain, 
that the co- efficient of the firſt term is unity. 
The co-efficient of the ſecond term is the ſum of will | 
all the roots (a, b, c, d,) with contrary figns. the t 
The co-efficient of the third term is equal to the So 
fum of the rectangles of thoſe roots, or of all the products tive, 
that can poſſibly ariſe by combining them, two and two. of thy 
The-co-efficient of the fourth term 7s equal 10 the At 


Jum of all the products that can poffibly ariſe by combin- roots 


„ 9 9 


VERT p * * ing 
* N 

NATURE OF EQUATIONS. E 
ing. them, three aud three ; and fo on A 
co- efficient whatever. lis 1. 

The laſt term #s always equal | to the produtt of 1 
the roots with contrary figns ; and this reaſoning Ay 
hold, qwhether the roots be poſitive or negative. 
It likewiſe appears, from inſpection, that the ſigns 
of all the terms of. any equation in the table are 
alternately +. and 

2 firlt term is always ſome pure power of xi and 
1s tive. 1 

The ſecond term is ſome power of x, multip lied 
by the quantities —a, —3, c, &c. and ſince dheſe 
quantities are all negative, it follows that the term 
itſelf muſt be negative alſo. 

The chird term hat the product of any two of 
cheſe quantities (—a, —b, e) for its co-efficient, 
and is therefore " poſitive ; ſince — X —, as well ay 
+ x +, gives +,. or an affirmative quantity. 

For the 15 je reaſon, the next co-efficient, which 
is formed of the products of any three of theſe nega- 
tive quantities, muſt be negative ; and the next fol- 
lowing co-efficient, being made up of the products 
of any four of the ſaid negative quantities, muſt be 
poſitive, and ſo on. 

And from this reaſoning it plainly appears that 
when all the roots ar- Pofitivoe, . figns are plus and 
mirus alternately. 

But if the roots are all negative (x=—a, x=—6, 
x=—c, x=—#) then x+a TAN NT INIT. NJ 0, 
will expreſs the equation to be produced; and all 
the terms wall, plainly, be poſitive. 

So chat, uber all the roots of an equation are nega- 
tive, it is plain that there can be no Bagger in the fgus 
of the terms of that equation. 

And, in general, "thaw will be as many poſitive 
roots in any * + no are changes in the 


: n N * PISCES - * A , - 
MS " 7 
* K 

- 


„„ NATURE OF-EQUATIONS. 
Gghs of che terms of that equation, from- + to =, and 


be negative. SORTS ARIAS 4 RE 2327s 5 bein 
From this rule it follows that, in quadratic equa- In 
tions, the two roots may be either both poſitive, or 2 
both negative, or one negative and one affirmative. hes 
Thus, in the equation, = abe, (x—4aX * 
10) there are two changes of the figns, and there - 
fore the roots are both poſitive. wats LIN oy if « 
In the equation, x*75*+ab=0, Tax) po 
there is 'no change of the figns, and conſequently 'A 
they are both negative. Mt * | be e 
And, in this equation, & — . · N ab, (aa x den 


2) one of the roots will be affirmative. and one 
negative; for fince the firſt term is poſitive and the 
Jaſt negative, there can be but one change in the 
ſigns, whether the ſecend term be + or -. 

In cubic equations, the roots may be all poſitive, 
or all negative; or two of them may be negative and 
ene poſitive, or one negative and two poſſtive. 

Thus, in the equation -& - Ne, the 
figns will be alternately and; and, as tha num- 

ber of changes 1s three, the roots muſt be all poſitive. 

In the equation & TAN N TIN 0, where 
= there are no changes of the ſigns, the roots muſt be 
ö a” 4 all negative. | ann r 
; In the equation -=, e- == 


IM abe=0, (x—aXxx—b Xx+c) the number of changes — 
will be two, and conſequently two of the roots will root: 


de affirmatiye and one negative. 
| | For if 41 is greater than c, the ſecond term muſt 
be negative, its co-efficient being —@,. —6b, +c; 


5 


* 
® - : 
* 


. wu 

RESOLUTION OP EQUATIONS. *. % 
and if 2 J is leſs than c, the third term. muſt be 
negative, its oo effcient ab- ac bc (ab- cx . 
being in that caſe negative. 5 

In the equation x) +a+b—cx* +ab—ac——bcx—abc 
Sa, there can be only one of the ſigns, and 
therefore one of the roots is poſitive, and the other 
two negative. * | 

For if a+6 is leſs than c then the ſecond term is 
negative, and the third muſt be negative alſo; and 
if a+6 is greater than c the ſecond term will be 
politive, and. there can be hat one change in the 
other two terms, whatever may be their figus. 

And, in the ſame manner, this reaſoning may 
be extended to equations of higher dimenſions, and 
therefore the rule will be found to be true ia all 
kinds of equations whatever, 3 


, RO BLEM J. 
eee LY — wy 


eny given quantity. WE * 
TEMES. 


I. — Ra men oy. and connect it with the 
given ty by the ſigns — or +, according as 
it is * = to be increaſed or diminiſhed. ; MT 

2. Subſtitute the powers of this quantity in the 
equation, inſtead of the powers of the unknown 
letter, and there will ariſe a new equation, whoſe. 
roots will be augmented or diminiſhed as required. 


* 10. 1 


* 


44 w 3 . . 2 
a wy 
K 2 , 


* 
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160 RESOLUTION OF EQUATIONS: 


f Su 
— 1 n 4. 85 T% 7 23 2 3 = 4 n - 1 2 Lal J. . 4 * . ; ” 6 72 
* * 
err XX AES: CE f + 
— * - . 9 4 Y — 7 a 8 * wo * S 
. 


185 indi ni un Gy 

Let is: quadratic equation x—82+x5=0, 6 
hee re ee be 
Suppoſe 3 * 7. | Thy CEE. 
Then, x*=y*—14y+ nne 
1.7% 8x= * 9—5 Fam id „i dor in 
701 1 15 i 415 l. 1228.5 * 1 


os, r. 7 * $=7=" e to the urge, 2 


n gains 43 195 7 758 
Fe * N * # 1 F } : 


ty PE —þpax PRC the e quation W 


it is required to diminiſh the roots by the quantity e. 


— 


Supp 2 wks 4 +ez 

Then x*=y *+ 39" . J 
D = = py*—2pey—pe* 
an i . f 


* 


2 
c 


3. Let & * —10x+8=0 i given, and let its 
roors be increaſed by 4. | 


* A 
44 2 * - 4, 5 * 
2 k 7a 3 4 2 bd 2 14 P; +. 


fi NN n S140} 085 1 


, 1818 


* in the former equation af +8x+ I S o, "the. roots 
are —3 and —5, and in the equation 5 —by+8= o, the 
roots are 2 and 4 and therefore dhe difference 1s 7," a re. 
_ quired, 

+ The nun term of nd transformed equation, is the fame 
as the equation given, having e in the place of y, 


Oh) 
» 


Z $883. | 5822 8 


,-" 


sobre OF EQUATIONS: | 101 
Suppoſe #5 4; ' 
e ' 
= + „ e 
Lies „e- 1 038 


5 + 8 = 71 {£75 209 8 $1 2 F 1 2 
3 

- 7 —1 rz e, ee the 
_ — required t. 


„ F< —— 1 
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's, To tale away the ſecond term, from am equation. 
n; RULE. Fog 
e. 

1. Divide the co- efficient of the 8 term by 
the index of the higheſt power of the unknown 

As quantity, 

2. Annex the quotient, with its ſign . to 
ſome new letter, and this being ſubſtitated for its 
equal in the given en, deſtroy the ſecond 

ts eee — W — 
4 een 
| dratic, and in the preſent cafe, as well as in all others where 
1 he A RI ARS DI AT OI of. © 
"_ the roots of the propoſed 
1 The affirmative roots of an equation are changed ind nega. 
| tive ones of the fame value, and the negative robts into affir- 
NE Ne Oy 
e rr * 


pr 2 


xũ4 ; 


16+ RESOLUTION o EQUATIONS? 

a; oo» K. bark C 

EXAMPLES: Dr TSF 
i * A. „* 


1. Let the quadratic: equation x 82 +1520 be 
given; it is required to take away its ſecond term. 


K „% „ 


n en 

Ben & —y. MY 
22 532 A 
. 


J*—1== tt cin 6, 


- 


2. Let te equation Bogen 26x—34=0 be 
given; it is required to exterminate its 
term. | 3 . 
1 N 

Then *: A* TTT 
"+26x = 4 42 +78 
, eee | 
2 ne bf Fl Draa n 1538 4 rene 
22% 20 2 Jn equation required. 
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Thus the roots of the equation . 
De are ＋ 1, +2, +3, — 5; but by changing only the 
ſecond and fourth terms, the equation: becomes a4 4x3 — 19 * 
49 - 39s, and the, roots are — 1, —- 2, - 4. 


A de gocts of n eguation may alſo be made affirmative | 


or — by ub or diminiſhing each of wy 2p ſos 
known.quantity.. . * 


From this ways nnen equa . 


tion mu ibe reſolvded without completing the ſquare, by only 
taking away the ſecond term; for: fines y*= 1, r = 41 
=, n =1+4=5 the root required. 
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3. Let * ＋ 8 — 5 dae be given, to- 
exterminate the ſecond term | 


Suppoſe x=z—2( 34 793 Aae 


8 e n 


72 T . 9 64 n 


— * — r - 2 
+10x = 419-2 * 


a 9 - E equation repuibea, 
„LIAN 
wit I 4901 49 
4; Let e + ax* e © be given, to e. 
terminate the en term. 14 Sy 4151 451 10 


= * 4 . =—_ 
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"104 RESOLUTION OP EQUATIONS. 


r PROBLEM „ 


1 


9's fn noberber fome, or all the roots of an equation 
be rational ; and, . ö 1 


* 


Kr. 


9. Fina all the diviſors of the laſt term, and ſub- 
ſtitute them one by one for the unknown quantity. 
2. Then, if the poſitive and negative terms de- 
roy each other, the divifor, fo fubſtiruted, wilt be 
one of the roots of the equation, 

3. But, if none of the diviſors ſucceed, the roots 
are, Pg the general part, either irrational or im- 
* When the diviſors of the laſt. term are too 
numerous, they may be diminiſhed by changing 
the equation into another, whoſe roots are aug- 


mented or decreafed by an unit, or ſome other known 


quantity. 


EXAMPLES: 


LAN alter 7 10=0 be Bs equation pro- 


2 


Then the" dioifors of. (10) the aft, term will be 
+1, —1, +2, 2, +5, * ig 7 e I 


0 FT IO n a. . 4 1 1 rn 


een rn 2 * "Oy ** 


® Since he laſt term, in any equation, is ama equal to 
a multiple of all the roots in that equation, thoſe roots muſt; 


therefore, neceſſarily be found in the number of its diviſors, 


cui 


— 


9 


-* 


RESOLUTION OF EQUATIONS. 306. 
And theſe being ſubſtituted ſucceſſively frag 85 * 


bill give 1— 4 711 
nl 4+ 7+10= * PR 
8— Der 
—8.— 16+ 14+10= 
125—100—35 ＋ 10 
Therefore ＋ 1—2 and +5 are the a roots * N 
ae roguired. 


2: Lot try +3380, be the equating pro- 
poſed. | 
1. Change ar, another, the number of ** a> 
viſors ſhall be efs ; bu: 
Suppoſe y=x+1 3 
Thin! a + 6a%+ He We 


— 0 TIEN" —I2z— A. 70 
—$= —84—8 
1732 N. Fu. +l 


F SETS aaa Dog new equation. 
2. 2 divijors' "of he las term'(21) of this new 
equation are 7 
I, — 1, +3, — ' +7, —7, +21, n 5 
And 47 1 5 theſe be Jubfirated | 2 e 7 xs 


1 6—16+21= 1 
„„ '6+16+21=32 3 
o ans 81-1 -eine 
| 10 oy | 8144821 = =96 

c. avbere none of the others [dtcetl 
95 ohh 1 and. 3 are the ongy rational . the other 

taps being impoſſible. + 

3. Let zar Dum-iie0. be 2 que: 
tion propo 
"Hete the numeral diviſors of the laf term. (1 2470 are 
I, 1, +2, —2, ny —3. +4, 42 W + 
; 47. —13. 8 2087 3 


= 1 719 
3 17, VT $43 $428 


, FAY 
12 93. 1— 


* 


quantity in the given equation. 


F. To the quotient, lait found, prefix the fign + 
or —, according as the progreſſion is increaſing or 


” „ 5 . iir rr | 

is RESOLUTION OF EQUATIONS. 
And by ſubſtituting theſe ſucceſely infttad of x, we 
De ROI OY, 


a 

„ '" 1+ 3— 4—12=—12 
—1＋ 3+ 4—I2=—- 6 

8412— 8-12= 0 

228 ＋T127 8—12= © 
27 ＋427—12—1 2 2 30 
—27727712—1222—2— 0 

© Therefore the three roots are aa, 2 and 1a. 
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+ PROBLEM Iv. 


— 


T diſcover the roots of equations by Sts. ISAAC 


NEWTON” s method of divifers. — 


6 
1. Inftead of the unknown quantity, ſwbſtitate 


ſucceſſively three, or more, terms of the arithmetical 
RING 


rogreſſion 2, J, 0, -I, 2. x : 
pf 2. Collect all the terms of the equationimto one 
ſum, and place them, together with their diviſors, 
in a perpendicular line, right againſt the eorreſpond- 
ing terms of the progreſſion 2, 1, o, —1, —2. 

3. Seek amongft the diviſors for an arithmetical 
progreſſion whoſe terms correſpond with the order of 
the terms 2, 1, o, —1, —2, and whoſe common 
difference 1s either an unit, or ſome diviſor of the 
co-cfficient of the highe power of the unknown 


I.. Divide that term of the progreffion, thus found, 


which ftands againſt the term o in the firſt progreſ- 
ſion by the wh or common difference. * 


6 
"a 


- 


RESOLUTION OF BQUATIONS: 1e 
* decreaſing, and this number being ſubſtituted for 
the unknown quantity, will give one of the roots of 
the equation. wt „ 
| | EXAMPLES: 
I, Let x%—x*%—10x+6=0,. be the equation pro- 


Then, by fubſtivating fucceſFuely the terms of the 
progreſſion 2, 1, 0, —1, inflead of x," the ork will 
fland as follows + _ . EY 

n 


1 4er. 4 
e £7 1.2.3. 6 3 
— + 14[1.2.7.14 2 
And —3, the term flanding againſt o, being fub- 
flituted for x, gives =27—9+30+6=0; and there- 
; fore z ts a root of the equation. | 
2. Let 2x%—5x*+4x—10=0,s be the equation 
F propoſed. | | 
4 Then, by ſubſtituting ſucceſſively the terms of the 


Non 2, 1, o, —1, —2, inftead of x, the work 
alf. as follows 7 | n 


4 


1 prog. 1 — diwiſort. 20. prog... 
— 2 - * I 


| .. 

TTT 

+ 0 —10 I.2+5.10 $3 5 [ 

' wy —21 1.39721 7 . 
| —2 254 1.2.3. 6.9 9 


Here 5, the term ftanding againſt o, being divided by 
1 the common difference, give: 21; and this being 

Mituted for x, gives 31: —-313+10—10=0; and 
Wherefore 24 is @ root of the equation, 38 
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3. Let ane, F —_— be the ua- 
| uon propoſed. . uf 
Then, by Rains as nien, the work will Hand 


as follows : | - 


I 15 pro. reſults. _ divifors. progreſſions. 
1 2 Þ © 70 152.57. 10.14 Se % 2 517 
I 144 1. 2.3.4. 6. 8 . 23416 
$x 50 4180 123,4, 5-6 . 3403/5 
11601245. 810 Sc |4| 512-14 
— go 12.35 6. 9 Ce. 5 661113] 


* 


So that here are four progreſſions, and the numbers 3, 


4. z. and —5,, being each ſubſtituted for x, make 
* the. whole equation NE cad 4 are therefore the roots 
by ured. t | \ 

| . 


AN: wth PR 0B 1 K M V. wn 


os 17 thr roots 2 cubic equations, according t9 


the e bee 
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RUL E. 


* 


1. Take away the ſecond term of che equation, 
6 problem zd, and it will be ales to this form 


x*Eax=#6. f 
PS * 1 l — : AS. *. he . 
® Wa * $6 "= * n 4.5 7 TT Ws 1 


* The rule, from whence this method is derived, Is xX= 
e- Ve, and the in- 
igation of it is as follows : | 
Let the equation, whoſe root is required, be a Tar. 
Put .y+z=x, and 3yz=—4. 1 
Then, by ſubſtituting theſe values in the - given equati 
we ſhall all have, TT TMT L 


e eee PET TT 


— 
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2. Subſtitute the values of @ and 6, with their 
proper ſigns, in the following expreſſion, and it will 
give the root required. Thus: 


OD NIN <a -1_ 
Vi9+v if +250) 2 N HE EE 


root required, 


Note, When a is negative, and 2 @* is greater 
than + 6*, the foal, by this rule, is pony 
impoſiible. | 


* — 


tilt 


And if, from the ſquare of this laſt equation, there be taken 
4 times the cube of the equation yz= — 7a, we ſhall have 
y35—23323-+2*%=b+ Fas, or yi —z3= vb+ $445 

But the ſum of this equation and y3 +23=6, is 251 =5+ 
EET and their difference is 223 =b— a ral; 


and therefore = en . 


U 
%% - $63 +4, 03, 
And from-hence it Appears, that y +2, or its equal x, is = 
N VI +103 +34 1b— Ve, which is the 
theorem, 


ER 4 18 . it will de TA 


TY 16+ = 3 OE I the ſame as 

2 ere 

This method of ſolving cubic equations is uſually aſcribed 

to Cardan; but the invention is, undoubtedly, not his.— 

The authors of it were Scipio Ferreus and Nicholas Ta talea, 

whe diſcovered it about the ſame time, independently of each 
, other, as is proved by M. de Montucir dans fon Hiſtoire den 
Ra os 


* ” 


6 


* 
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124 | , 8 ; | 
| EXAMPLES: * 


1 


1. 1 be the equation propo- - 
ſed; it is required to 8nd the value of 5 | | 


1. in order to de A the ſecond "_ let ye =I; 


-e | . 
33*= +3zx*—6x+3 ; 
gy = _T+9g*x=9 
46 U 213 

or x3 + 6x o. 

2. For a put 6, and far d 20, ee 


„ 16+ 1 * ce 


— ——. — | 
"10+ 4 100+8 Tarot oo ie 82 


2 


. = = 20.392 
a 3923 | 39 3” 

mur—_——_—- 27 =2.7 32==732=23 that 
as : $ and eren * SI roo? required 


2. Given aac) to > find the value of. x. 
Here a=—b, and WY ; and therefore e Hall 
Save boos i 


34/10? 5 10.3923 — 


2 


— — 
N —0 P 
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; — — —2 
v —4z 131. 211 7 I Las 
— 2 —1—22—31 thatiox=— 3= root required. 


a 


- whats hd FOR PRACTICE. 


1. Given x7 — S + 10x—$=0, to find; . 
| Au #=de 
2, Given ae). to find x. Anf. x=3- 
3. Given y*—36y=91, to find y. An. y=7-+ 
S Given & +6x= 30%, to find x. . 
As. x=24/35- 
be Given g* + a 52. to indy. Auſ. y=5:05+ 
Given y N —8=0, to find 27 | 


PROBL EM VI. 


To find the roots of biquadratic equations, 22 
te the tt 541 CARTES. 


RU LE. 


| 1. Take away the font term of the equation 
— problem 2, and it will. be reduced © the form 
ADE ane | 


_— —— at. 


.k 


— 


— 


0 Inveſtigation of the rule. Let the given equation 4 
+rx+5=0, be equal to the product of the two quadratic 
equations x x* Ter +f=0, nme dong tec oa 
x® 6g —efx+fg=0. + 

Then, 'by aquating the bomplogoes tems,” ee. n bow 
firg—e*=g, K- g=, and ==; and therefore e 

„ 


\ 


112 RESOLUTION OF EQUATIONS. 


2. From the cubic equation y3+ 2gy*þ gf? —4:y — 
r*=0 take the ſecond term, and find the Talks of y 
by the laſt problem. | 


put e V, f=L . 4 8 4 
. e + the 2e * 


2 


E r 
2 2e 


4+ Find the roots of the two quadratic equations 
x*+ex+f=0, and x*—ex+g=0, and they will 
be the four roots of the biquadratic required, 


EXAMPLES: 2 
1. Let 2-42-82 32=0, be the equation 
propoſed, in which it is required to find the value 


of T. | 


J s . 
W 

en oh 74 

8352 44 


And from this laſt equation we ſhall have es + 49 +593 — 4: 
x es E to a cubic equation, in which the value of e may 
be found, as in the laſt problem. 

+ OR. Won, ) (= "6% HL 
But f(= Tr; 75 OI b * a 

are alſo no- .; and therefore the roots of the quadratic 
equations x* ex +f2=0, and x*—ex +g =o, may be deter- 
mined, and are the four roots of the biquadratic equation re- 
quired, 75 Q. E. 1. 

Note, The co-efficient of x is put equal to e, in both the 
equations, becauſe when the ſecond term is wanting, the 
ſum of the poſitive roots is always equal to the ſum of tlic 
negative ones, with a contrary fign. | 
This rule has ſometimes been aſcribed to Des Cartes, and 


ſometimes: to Bombelli, an Italian; bug the original inventor 


of it was Louis Ferrari. 


++ 


— 
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1. To take away — #413 thes 
d 15 6x"+ 4x+ 1 
—z = 44 ALF 45 3 EI. 
+32= 2 | | .+32 
— — — —— — 
| r +21 =o, or 
2 - i 56 mo, for the cubic equa- 


tion. 
2. To take away the ſecond term from this equations. 
let þ+ 489 3 z then 
y*=þ"+12*+48+ 64 
Wen TOO har —12p*—g60p—192 


— 4 = A 
rr 256 
p*—go6p=576 


Ma MM. 


PX * * 


' The, fillowing ' metbod of reſalving biquadratic equations, is 


talen from Simpſon's Algebra, page 150, 24 edition. 

In the method of Des Cartes, above explained, all biqua- 
dratic equations are ſuppoſed to be generated from the mul-- 
tipkic ation of two quadratic ones: but according to the way 
which I am now going to lay down, every ſuch equation is 
conceived to ariſe by taking the difference of two complete 
ſquares. 

Here,. the general equation * 4 Þ+ax3 +bx* +cx +d=0 be- 
ing propoſed, we are to aſſume x2 +Tax + AV» — BTC 1 


—=x++ax3 +6x* +ex++@ 5 in which A, B, and C, reprefent 
unknown quantities to be determined. 
Then, x*+4jax+A, and Bx+C being actually involved, 
will give x4+ax3 +2Ax% T 
TIA A 250 =xt a +18 
— BX -2BCx— C2 


Ten TA: from whence, by 1 homologous terms. 
5 Hh 


we ſhall have. 
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3. To find. the walue 2 5. by CARDAN'sS rule for 


* * equations, 


TE eee 
VII 
17 VNN | 
N —32 er 
| 32 8 b 3 3 * 
* — 16 42, 
46 ; —_=6: 16 16 ö 
To find the es of the. two quadratic equations 
bee, and x* 2 be 
— — —— — 
ö — — val 
I. 2A ＋ Ta- Bz, or aA —b—=B* ; 
2. 24 - 2B3C ge, or ah —c abe; 
3. AZ — Cz Sd, or A®—d „ C. n 
Let now the firſt and laſt of theſe equations be multiplied A 
together, and the product will, evidently, be be equal to I of of t 
the ſquare of the ſecond; that is 2A3 1 | 
Fa DN BO =F Xa A3— 206A +75. * 0 ws, 
Whence, by denoting the given quantities hard, mT . * 
Je IN Ia by k and 1, reſpectively, there will ariſe this ent 
cubic equation, A5 — 4% A — I g==e; by means where- the 
of, the value of A may be determined; and therefore, from 7] 
the preceding equations, both B and C will alſo be known, 1 that 
424 — 
being found from thence = / 2A-+Fa* —b, and C = 75 _ 
Tue feveral values of A, B, and C being thus found, that equi; 
of x will alſo be readily obtained: for & Tax T Al“ mor 
and 
bre being uni verſally, in all circumſtances of x, equal * 
to r NaN +bx? rd, it is evident, that, when the give 
value of x is taken fuch that the latter of theſe expreſſions be- A 
Tomes equal to nothing, the former muſt likewiſe be equal to *-Þ 


nothing ; my l =Ba+ CV 15 the 4 


—_— — 


for 
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x*+ex+f=x*+4x+7=0 
X —ex+g=a*—4x+3=0 
In the firſt of theſe æ i 24-3, er 2299 
. in the ſecond x=3, — 1. * 

Therefore 3, 1, - 21 —3, and —2—4/ —3 are 
the four roots of the equation x*—bx*— 16 +21=0. 
And if unity be added to tach of them, we ſhall have 
4, 2 1+ —3- and —1—u/ —3 for the roots of 
2*—42%—8z+32=0, the equation * the tao 
laft of which ane impoſſible. 


2. Given ne 2s —8x+12=0, to find the 


o .- Anſ. a=1, 2, —3 and —2. 
3. Given x*—253%+60x—36==0, to find the va- 
lues of x. Anſ. 1, 2, 3 and —6. 


4. Given y +—Y7 + 145* + 4y—8=0, to find the 
value of . 
7220 N V. IF V3 and Ao” 


— — 


And therefore, by extracting the ſquary root of both ſides 
of the equation, we ſhall have x* +Zax+A= BX C; 


or x= = $B—La= FEES CAI 14 


Nene IB C- all; which exhibits all the-differ- 
ent roots of the * qquation, according to the variation no 
the ſigns. 

This method will be found to have many advantages over 
"that given above, In the firſt Place, here is no neceſſity of 
being at the trouble of exterminating the ſecond term. of the 
equation, in order to prepare it for a ſolution : ſecondly, the 
equation A - 1A +kA—1=0, here brought out, is of 'a 
mote mple form than that Ned from the former method: 
and thirdly, the value of A in this equation, will always be 
commenſurate and rational; not only when all the roots of the 
given equation are commenſurate, but alſo when they are irre- 
tional, and even impoſſible. 

"ExAmPLE. Let there be given l ts fd 
the walues of ; 1. cata 


= 


2316 RESOLUTION OF/EQUATIONS. 


5. Given #*+12x—17=0,; tofind the values of x. 
Anſ._x= + Dania eee Fora A2 


* —.—55 a qr: = find 
en * 1 = O WP n 
the values” of . I 


4. 424 VEL 


7. Biere 2 8 25 =o, pr find the BN 
of x. _ /7- #2 — ne eg. 
| "wa 


+ 


_ * —̃ — 


Ro ct * — * — . — 


Here, by comparing this with the general equation x4 + 
4x3 +bx+cx+d=6, we ſhall have 2 = Ge, - bay 
and d=— 17 ; and therefore 4 ( Fac—d)=17, !(=If+d 
XFa®—b) =36,. and A- A +kA—{U=43+17A— 
1 r. 

And, from this equation, A will be found equal to x; and 


<a ends a a —Þ)= , c(= === —)= = 


2 3 i F . 


Fatal 
Hence, the four: roots of the equation are 1/2 + 


— Jy / 2— N, 1972— —-3y/2—t I, —49¼½ t N- R, 


and — e the fir and ſecond of which 
are impoſſible, 

In ſome particular cafes of this rule, the roots may be found 
by means of quadratics only. 

Several other methods of ſolving biquadratic equations have 
deen invented by different authors; but one of the moſt inge- 
9p is that given bx M. Euler, in page 664 of his Ele- 

D bre. 
e five, or more dimenſions, may be reduced to 
N of an inferior degree; but the proceſs will be exceedingly” 
tedious, as no general rule can be given for reſolving them. 
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PROBLEM VII. 


To find the rects of equations in n general, by the me- 
thods of approximation and — — 


RU LE. 


1. Find, by trial, a number nearly equal to the 
root required, 

2. Call. the number, thus found, „F and let z 
be put equal to the difference between r and the true 
root x4. 

3. Inftead of x, in the given e uation, ſubſtitute 
its equal a, and there will ariſe a new equation, 
affecked only with z and known quantities. 

4. Reject all thoſe quantities in which there are 
two or more dimenſions of x, and the value of z 
will be found by means of a fimple equation. 
F. Add the value of xz, thus found, to the value 
of r, and it will give the root re aired nearly. 

6. If this root is not ſufficiently near the wuth, 
repeat the operation, by ſubſtituting it inſtead of - 
in the equation exhibiting the value of æ, and it will 
give a ſecond correction for the root req 


EXAMPLES: 


1. Given x*—5x=—31=0, to find the value of 4 x 
by approximation. 8 


. IOAY 
* — 4 _ * _—_— 1— —— —_— 


4, © * „„ * 1 rt \ 


* The rules hitherto given, fob finding the roots of equa- 
tions, are either very troubleſome and laborious, or elſe con- 
fined to particular cafes; but this method, by con 
ſeries, is univerſal, extending to all kinds of equations what- 
ever; and, though not accurately true, gives the value ſought 
to any aſſigned degree of exactneſs. 

The method of obtaining the roots of equations, by approxi - 
mation, was firſt made uſe of by Vieta. 
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The root, found by trial, is nearly equal to 8; 
Let, . 8 r, os r+z=x;- then 
| =r*+2rz+z* 
— XZ —Gz 
—I=—31 
57-5831 — 2 
wan DINED 31 +49—04 —L_=b, and x= 
271 —5 3 | 11 
8.6 ben | 
| again 7 8.6 be fab ined in the place of r 
in the LR, , we ſhall = 


ED LS Se SIR Chet EEE 2 S. 0032 


2 — 17.2 
and x=8.6 +,0032=8.6032 nearly. 
And, if ithis walue be again ſubſtituted for r, it 
_ give-$=.0000077808, a x=8.603277808 ; 
be . . rogues; 


. Given z 0 lad the value of « 
The root, ty trial, 5 oy HE bi l 
Let, ther dre, 4=r, and r+$=x, then, 

4 +3*z+ 372" + x 
r zv z+2* 
4x =r +z 


. 


8 — Lg0—64—10--4._ 6 == 
or, K FEST TT. — =.10, 


35+ 2r +1 © 
ant x*=4.1 nearly. 


.. And 115 be ſub uted in the 
ee Helen AY Jy 


11 
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— — — —90—68. g21—16.81—41_ 08: 

3 +2r +1 50.43 ＋T8.2 +1 | Jy 
and x4. 1. 02834. 10283 nearly ; n on 0 
any degree of exattneſs required. 


3. Given x *+20x==100, to find the ** of x 
by approximation. 1 Anſe 41421356236. 
4. Given & 108+ Sr 2600, to ſind the value 
of x by approximation. dnſ. 10.1 [9401 3. 

5. Given & - 3X -o , to find the value 
of æ. Auſ. & 5 · 1349. 
6. Given ige þ638—500, to find the 
value of x. An/. x g. 2803923127. 
7. Given * - 3* —7$#10000, to find the value 
of xe. An/. x=9.8860027. 
8. Given x*+2x*+3x*+4x* +5x=54321, to 
find the value of x. = Hin}. &=8:1414455»+ 


RULE IL 


1. Aﬀame the general uation af e 
dx, &c. S; where z is the converging uantity, 
and a, b, c, d, &c. co-efficients 3 V are 

nown. 


. nr 


irſt degree. 
3. And, if „be put 3 


a 


for an 3 of the rs 


7 
degree. 


4. And, eee n #4 
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2 
T „ then will . — 


{3} axe*+b+awXxp+ =" 
an approximation of the third degree, & c. 


rin 


1. Given x*4-20x=100, to find the value of x. 


The root, found by trial, is nearly equal to 43 
Let therefore 4+z=x, and, by Jubflitution, the 
equation will become 28% +2" =4. 
Whence, from the rule, a=28, b=1, c=0, oye and 


x44 112 28 
Therefore $= 22 = 786 * 
firſt approximation. i 
And, fince 3 awe ſhall * 
” 4 2 | 


e t. — 28+3 _ 
a*+b+asXp 28X28+1 1x4 28X7+2 


—27_=.14213564 for the ſecond approximation. 


1386 
And, in like manner, fonce . it 


will be 2=————— BXET WP 8 2 


; _ aX&* +b+aw Xp+w—=iXp*. 
23 X4X28+7 —_238x28+; 28X198 


 28>x784+1244 7X790+3 7 *49X796+1 © 


. —_ 1421356236 ; „unn. the 
root requirtd, extremely near. 


As the 


To 


1 
let thi 
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2. Given x*+4x—10=100, to find the value 


of x. Anſ. 10.677078. 
3. Given xi—17x*+ 54x=350, to find the value 
of x. An. 14.95 407. 


4. Given x*—2x—5=0, to find the value of x. 

| Anſ. 2.09455147. 

5. Given 2y*—16z* + 409y*-30y=—1, to find the 
value of y. Anſ. y =I. 284724. 


PROBLEM VII. 


To extract the root of any pure power in numbers. 


k UL E 


1. Let m= the number whoſe root is re uired ; 
r= neareſt root which can be found by trial; and 
= to the index, 

1 


2. Then, by putting — . we ſhall have 


rX6v+ 241 
V X6V + 41n—2 


1 2 t 
— ———————— extremely Near. 
& X 2v +211 +4 X11 X2t—1 


x=r+ 


= root, warly; or x=r+ 


EXAMPLES: 


1» Given x*=2, or, which is the ſame thing, 
let the ſquare root of 2 be found. 


M 
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| Suppoſe the root, found by trial, to be 1.4; then we 
ſhall have 1 2, 1221.4. 82e. and ur 
„ 2—1 96 
9 ＋ 141 
r | | 
14821 2 n 
908X594 © 1 * "FT" — 13860 Ee 
56= ret required nearly. 
And, if the ſecond approximation be uſed, the rot 


dil te found =1. 3 which is true to the 
laſt place of decima 


And, therefore, x=r+ =1.4+ 


2. Given x*=500; or let it be required to ex- 
tract the cube root of 500. 


Suppoſe the root, found by trial, to be 8; then we 


all have m=500, r=8, — . 
— 128; —12 
XO VT n+1 
And, ther & — go — 
efore „Tee: | 563: 
7· 93 for * 75 approximation. _ 
Or er rX 20+ 7 _ 


2 +2n-—1 Xv+; Xu—1 *21—1 
6072 


9578 —— =7.937005259936 for the 2d approximation, 
ewhich is true to the laſt place of decimals. 


3. Let it be required to find the cube root of 2. 


Anſ. 1. 259921049894. 
What i is the cube root of 75 ? 227 4. $0607. 
5. What is the ſurſolid, or 5th root, of 125000 ? 
Anſ. 10.456389. 
6. It is required to find the 7th root of 100000. 


Anſ. 5 1794746792. 


. 
root a 
equati 
the eri 


we 
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PROBLEM IX _ 
To find the root of an exponential equation. 


NU... 


1. Find, by trial, two numbers, as near the true 
root as poſſible, and ſubſtitute them in the given 
equation inſtead of the unknown quantity, marking 
the errors which ariſe from each of them. 

2. Multiply the difference of the two numbers, 
found . by trial, by the leaſt error, aud divide the 
product by the difference of the errors, when they 
are alike, and by their ſum when they are unlike. 

3. Add the quotient, laſt found, to the number 

longing to the leaſt error, when that number is 
too little, and ſubtract it when too great, and the 
reſult will give the true root nearly. 

4. Take this root and the neareſt of the former, 
and, by proceeding in like manner, a root will be 
had ſtil nearer than before; and ſo on to any degree 
of exactneſs required. 


EXAMPLES: 


1. Given x* =100, to find the value of æ by ap- 
proximation, 5 
By the nature of hgarithms x X log. x=log. 100=2. 
And, farce x is found, by trial, to be greater than 3 
and leſs than 4. ; 
Let, therefore, 3.5 and 3.6 be the two ſuppoſed . 


values of x. 


* The rule for folving exponential equations was invented 
by M. Jean Bernoulli, and publiſhed in the Leipfic Acts, 1697. 


M 2 
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Then the log. x=log. 3. 5 . 5440680; and x 
log. x I. 9042380 
2 


6d On 


—,0957620=1/ error, too little. 
Aud the log. æ log. 3.6. 5563025; and 
x X leg. x =2.0020890 

2 A 
eee hen 
| .o026890=2derror, too great. quel 
1 number 3. 5 1/t error —. 95762 quar 
24 number 3.6 2d error + .o02689 of p 

5 yet 
o. if. og 845 1 n. limit 
— 2882. 002 3 correction, obta 

098451 


24 number 3.60000 
correction —.00273 


3.59727 =x=root nearly. 


Again, fuppoſe x =3.597 ; then we ſhall have 
log. = 5559404, and  _ 
x N bog. x1. 9997 176, which ſubtracted from 2 
gives ,0002824. the zd error, too little. 


2d number 3.600 2d error + .oo26890 
3d number 3.597 3d error — .0002824. 
doz ais. .00297 14=/am. 
:00 3X: Q003924_-. .coors 5 the correction. 
929714 
3d number 3.597000 
correction o. oo028 5 


is 597285 =x= root required nearly. 


at, 


A. 


OF/ UNLIMITED PROBLEMS. 125 


OF INDETERMINATE, OR UNLIMITED 
ws 08 PROBLEMS. 


A problem is faid to be indeterminate or unlimited, 
when the equations, expreſſing the conditions of a 
queſtion, are leſs in number than the unknown 
quantities to be determined. And though ſuch kind 
of problems are capable of innumerable anſwers, 
yet the reſults, in whole numbers, are generally 
limited to ſome detetminate number, and may be 
obtained as followWs. bbs tak ts 


PROBLEM I. 

To find the walues of x and y, in the equation ax= 
He; where a, b, and c, are given numbers, which” 
admit of no common diviſor. | | 

-R U LE: 

1; Letiwb; and for 2 wwhels aunber, and reduce: 

the equation to x=2X*=wb. | 


a 
2. Make — by throwing all Whole 
* Rey | 


A ; 
numbers out of it, till / and / be each leſs than a. 


3. Subtract 2. or ſome multiple of it, from 


2. 22. 22, or any other multiple of y, that comes 
a 


4. #; 
#5 * 


© % \ 1 1 
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near the former, and the remainder will be a whole 
number. £ 

4. Take this remainder, or any multiple of it, 
from ſome of the foregoing fractions, or from any 
whole number, which is nearly equal to it, and 
the remainder, in this caſe, will alſo be a whole 
number. 

5. Proceed in the ſame manner with this laſt re- 
mainder; and fo on till the co-efficient of y becomes 


equal to1; or 24. 8 . 


| a 
6. Then will y=ap—g; where p may be any 
wholenumber whatever ; and y being known, x may 
de found from the given equation. 


EXAMPLES: 


1. Given 19 21011, to find x and y in whole 
numbers. - 
Firſt, x=14L< 
irft, x = 2 
Then, by ſubtraction, x2 a ERS YI ab. 
K.. e r 4 19 
NI A a uh 


_— 77 "I 


And y=19g—6; where, if þ be taken =1, for the 
leaft affirmative value of y, we ſhall have y=13, 
and x g, the anſwer, | 


/ 


ny 
or 


le 


be 
5 


Here, x= 
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2. Given zæggg8y- 16, to find the values of x 
ak in whole numbers. 


85—16 2y—1 
3 


9 542 Pol wb. er 


= 215 


And, == * x22 = 2 n. But js aff . 


—.— — e S 
Whence y=3þ+2; and, by taking. pg, we ſhall 
have y=2 and x=0, the anſwer... 


3. Givemgx+1z3y=2coo; to and all the + poſible 
values of x and y in whole numbers. 


Firſt, «=O D133 — 2224 == wh, or 
| 9 9 | | 

— uh. 

9 
4rd, _ an. we. % =abbi/ 
Therefirs 22a IVY =RES= wb. =>. 
TR TIN lt by taking p=1, ave ſhall baue 

y=5 and x=215. 
And, by adding , continually, to Ng value of 


y, and ſubtrating 13 from that of x, a 2 poſſible. 
anſwers will ſtand as follows : 


215.189.163. 137. 111.85. 59 33 
14825 176. 150. 124. 98.72.46. 2 o'7 


„1 $+23+-41:59+77+ 95•113:131 
1 14.32. 50. 68. 86. 104. 122. 140 149. 
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4. Given 24x=13y T 16, to find æ and y in 
whole numbers. Au. x5, and 8. 
5. Given 14x=4y+7, to find x and y in whole 
numbers.  _An/. The gueſtion is impoſſible. 
6. Given 27x=1600—16y, to find x and yin 
whole numbers, 4A. y=19, and x=48. 
1 87x4+256y=15410, to find the leaſt 
value of x, and the greateſt of y, in whole poſitive 
numbers. Au x==30,' and y=12800. 
8. Given x+7y +11z=224,- to find all the poſ- 

ſible values of æ, y, and &, in whole numbers. 
; Auſ. T he number of anſwers. is 60. 


9. How many different ways is it poſſible to pay 
1001. in guineas and piſtoles only; a guinea being 


equal to 218. and a piſtole to 178. 7 1 
Anſ. 6 different ways, 
10. To determine whether it be-poflible to pay 
1001. in guineas and moidores only. | | 


Anſ. The queſtion is impoſſible. 
11. A perſon bought 20 birds, of three ditterent - 


ſorts, for 18. 8 d. the firſt ſort at 4d. the ſecond at 


2 d. and the third at 4 a-piece ; how many had he 


of each? 


Auſ. 3 of the 1] fort, 15 of the 2d, and 2 of the 3d. 


12. 1 owe my friend a ſhilſing, and have nothing 


about me but guineas,. and he has nothing but 
louis d'ors; the queſtion is, how muſt I acquit 


myſelf of the debt? the louis d'ors being yalued at 
178. Anf. I muſt pay him 13 guineas, and be muſt 


give me 16 louis d ors. 


13. To find in what year of Chriſt the cycle of 


the ſun was 8, the cycle of the moon 10, and the 
cycle of indiction 10. Af. In tbe year 1567. 


14. Twenty perſons, con ſiſting of men, women, 


and children, ſpend altogether 20s. the men ſpend 


48. a-piece; the women 6d. and the children 3 d. 


how. many were there of each ſort ? 
Anſ. 3 men, 15 women, and 2 children. 


tic 


8. 
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A vintner has wine at 28. 15. 10d. and 
1s. 54. per gallon : how much of each ſort muſt he 
take, ſo as to make a mixture. of 30 gallons, to be 
ſold at 18. 8d. per gallon ? 

Anſ. 16, 2, 12; 17, 4,9; 18, 6, 6; or 19, 8 5 
of each 7 ny 

16. To determine how many ways it is pollible 
to pay 10001. in crowns, guineas, and moidores, 


only, An/. 70734 different wwazs., 


PROBLEM II. 


To find ſuch a whole number x, as being divided by 
the gi den numbers 8 b, c, Cc. Hall leave * given 
remainders , g. b, c. 


RULE. 


1. Subtract each of the remainders from x, and 
divide the difference by a, and there will reſult 


*L , *=2, &c. = whole numbers. 
a a a | e 5 

2. Call the value of x, in the firſt fraction, * 
and ſubſtitute this quantity in the place of æ in the 
ſecond fraction. 

3. Find the leaſt value of p, in the ſecond frac- 
tion, by the laſt problem, and call it r.;©+ 

. Let the value of x be found in terms of r, 
and ſubſtitute this quantity in the place of x in the 
third fraction. 

5. Find the leaſt value of » in the third fraktion, 
and call it 7; and the value of & in terms of 5, 
being ſubſtituted for æ in the fourth fraction, and 
ſo on, will give the whole number required. 


—_— 
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EXAMPLES: 


1. To find the leaſt whole number, which, by 


being divided by 17, thall- leave a remainder of 7 ; 
but being divided” by 26, the remainder ſhall 


be 13. 
Let x= number required. R 
b moo , and _ 2 = whole numbers. 


And, by putting © == 


28 we ball have x=17þ+73; 
*. hich value of x, being Jubftitued i in the 2d fraction, 


gives —.— =wh. But = is alſo Su. 
26p 17þ—6_gp+6_ 

And, . 26 : 26 — 8 Wh, 

„e . ad 2418 


ry ==, 


Hence e yy by taking r=1, we Fall 


have p=8. 
And, en ee the munker 
regaired. 


2. To find a number which being Grids "wag 1 "IJ 


195 and plied the remaiders ſhall be 3, 5. and 10. 


Ter æ = number requi 9220 


= 3 numbers. 


8135 11 "19. 
And, by putting EY , woe ball baus c 
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2 value of x, being ſubſtituted in the 2d fraction, 
— — = ob. or p 


Alſo, 1 ahb. 3 * 6 — 3 
19 19 19 19 


19 19 
Hence, p=19r—5, and x=19r—;5 X11 T3 20g 
152. 


And, by ſubſtituting this value of x 5 the 3d fraction, 
awe ſhall have . =pr— . = = wh. or 


6r—4. — wh 

29 7 
But, 1 X 5 „ =z = wh, or 
| 29 29 . 29 | FA 
— = wh.=s 

29 


Ti * 1 29. 20; and, by putting 5=0, we 
fall have r=20. | 

And, conſequently, X=209 X 20 52 41 28 = num- 
ber required. 1 


3. To find the leaſt whole number, which b 
divided by 19, ſhall leave a remainder of 7; but 
n divided by 28, the remainder ſhall be 13. 


An). 349 
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4. To find a number, which being divided by 


3, 5, 7, and 2; will leave the remainders 2, 4, 6, 
and ty: Anſ. 104. 

5. To find the leaſt whole number, which, being 
divided by 16, 17, 18, 19, and 20, ſhall leave 6, 
7, 8, 9, and 10 remainders. An,. 232550. 

6. To find the leaſt whole number, which, being 
divided by the nine digits, reſpectively, ſhall leave 
no remainders, | Anſ. 25 20. 


* 


/ 


DIOPHANTINE PROBLEMS. 


* Diophantine problems are thoſe which relate to the 
finding of ſquare and cube numbers, &c. and are 
ſuch as are generally capable of a great variety of 
anſwers, They are ſo called from their inventor 
Diophantus of Alexandria in Egypr, who flouriſhed 
in or about the third century, and is the firſt writer 
on Algebra we meet with amongſt the ancients. 

Theſe queſtions are ſo exceedingly curious and 
abſtruſe, that nothing leſs than the moſt refined 
Algebra, applied with the utmoſt ſkill and judgment, 


— 


* That Diophantus was not the inventor of algebra, as has 
been generally imagined, is exceedingly obvious; for his me- 
thod of applying it is ſuch, as could only have been uſed in a 
very advanced ſtate of the ſcience. He no where ſpeaks of the 
fundamental rules and principles, as an inventor certainly 
would have done, but treats of it as an art already ſufficiently 
known; and ſeems to intend, not ſo much to teach it, as to 
- cultivate and improve it, by ſolving ſuch queſtions as, before 
this time, had been thought too difficult to be ſurmounted. 
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could ever ſurmount the difficulties which attend 
them. And, in this way, no man has ever extended 
the limits of the analytic art further than Diepban- 
lus, or diſcovered greater penetration and judgment 
in the application of it. : 

When we conſider. his work with attention, we 
are at a loſs which to admire moſt, his wonderful 
ſagacity, and peculiar artifice, in. forming ſuch poſiti- 
ons as the nature of the problems required, ar the 
more than ordinary ſubtiſty of his e upon 
them. 

Every particular queſtion puts us upon a new. w 
of — and farniſbes a freſh 122 5 anal ſe 
treaſure, which cannot but he very inſtructive 4 the 

mind, in conducting it through almoſt all dfficuluss 
of this kind, wherever they occur. 

The following method of reſolving theſe quellicns 
will be found of conſiderable ſervice ; but no gene- 
ral rule can be given, that will: ſuit all caſes; and 
therefore the ſolution mult often be left to the faga- 
city and ſkill of the learner. 


* 


” = — — —  — — — 


* — 


It is probable, therefore, that Algebra was known in the 
world, long before the time of Diaphantus; but that theworks 
of preceding writers have been deſtroyed. by the ravages of 
time, or the depredations of ignorant barbarians, _ 

His Arithmetics, out of vihich theſe problems were moſt 
collected, conſiſted originally of thirteen books; but the 
firſt fix only are now extant. The beſt edition js ſaid to 
be that publiſhed at Paris, by Monſieur Bachet, in the year 
1621, And in this work, the ſubject is fo. ſkilfully handled, 
that the moderns, notwithſtanding their other improvements, 
have been able to do little more than explain and illuſtrate his 
method. 

Thoſe who have ſucceeded beſt, in this reſpeQ, : are Vies, 
Brancher, Kerſey, De Billy, Ozanam, "YR Saunderſop, 
Fermat, and Euler, Wer 1 1 1 


N 


134 DIOPHANTINE PROBLEMS. J 


RULE. | T ben 


1. For the root of the ſquare or cube required, | 
ut one or more letters ſuch, that when they are 

involved, either the given number, or the higheſt 

power of the unknown quantity, may vaniſh trom 

the equation; and then if the unknown quantity ta 


be but of one dimenſion, the problem will be ſolved its þa 
by reducing'the equation. | þ { quan, 
2. But if the unknown quantity be till a ſquare, ; 
or a higher power, ſome other new letters muſt be ; 
affumed to denote the root; with which proceed as {= 
before; and ſo on till the unknown quantity be but An 
'oF one dimenſion; and from this all the reſt will be 
WN | | 
EXAMPLES: The 
1. * To divide a given ſquare number (100) into wher, 
two ſuch parts, that each of them may be a ſquare * > 
number. Hh | . two k 
Let x (=) be one of the parts, and then 100—x ſquar 
auill be the other part, which is alſo to be a ſquare FUE 
number. | 
75 If s 
4 _ greate 
| | a 5 dicula 
* If x— 10 had been made the fide of the ſecond ſquare, A. 
in this queſtion, inſtead of 2x— 10, the equation would whoſe 
have been & - 20x +100=100—a® ; in which caſe, x, the 
' ſide of the firſt ſquare, would have been found = 10, and 211: 
* 10, or the fide of-the ſecond ſquare go; and for this 23 
reaſon the ſubſtitution, x — 10, was avoided; but 3 — 10, Ry, 
4x —10, or any other quantity of the ſame kind, would have 4 > 


ſucceeded equally as well as the former; though, in ſome porta 
i ö eaſes, the reſults would have been leſs ſimple. 


ut 
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Aſſume the fide of this ſecond ſquare =2x—10. - 
Then will to0—x*=2x—1io0P=4x*—40x+1003;.. 
And, by reduction, x=8, and 2x—10=0. 
Therefore 64 and 36 art the parts required. 


THE SAME GENERALLY. 


Let a given ſquare number, x* ( ) =one of 
its parts, and a*—x*= 1he other, which is alſo to be 4 
ſquare number. nerd 


Aſſume the fide of this ſecond ſquare =rx—a, 
then will a*—=x*=rx—aP=rx*—2arx+ a* ; 
| 2ar 2ar 


And, by raduction, x , and x42 
r rn 
ari— a * * ö 
2 
r*-+1 
A 3 8 o * 2 * : N 
Therefere | and are tbe parts reguired 
1 41 1 +1 


where a and r may be any numbers, taken at pleafure. 


* >, To divide a given number (13) conſiſting of 
two known ſquare numbers (9 and 4) into two other 
ſquare numbers. Wirz 


— — — tt 


— — — 


If s and r be any two unequal numbers, of which ; is the 
greater; then will 2rs, 5*—7* and $2 +7*, be the perpen- 
dicular, baſe, and hypothenuſe of a right-angled triangle. 

And from this canon two ſquare numbers may be found, 
whoſe ſum or difference ſhall be ſquare number; for 


211: + 2 — ra — 2 Tea, and 4 +13] —3r; A, 


or r ; and this when : and r are 
any numbers whatever, - Þ p89 
This queſtion is conſidered, by Diophantus, as a very im- 
portant one, being made N foundation, or baſis, of moſt- 
2 | 
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For the fide of the firft ſquare fought, put rx—7 ; 
and for the fide of the ſecond, sx—2 ; 1 being the great. 
er number, and s the less. 

Then will II. + 4 r* -e + 9g + 

2 re ＋ 257 13213. or 
+ fax =brþ 43x. 


Aud, ly redudticn, x Et 
| 1 +5* 
2 7 * — 
A hence —— — ho —3— TT. 7 ia 2 
| B43: pe þ * 


frae of the firſt ſquare ſought. 0 s 
— 6rs +4 __ 122 + 253 

And, ed LL 1 2 — = Ar 1 fide 
ef the ſecond. 

So that if r be taken S, ands=1, 5 
A 124 6. —2 + 25* for the 

par © © Sag? r == 

fides of the ſquares, in numbers, as was required. 

If a*-+ 6* be pat equal to the number to be divided, 
the general elution may be given in exactly the e Jan 
manner. 


- - ow +. 64 N 8 
* 


of his other problems. -In the ſolution of it, given above, 
the values of r and may be taken equal to any numbers 
whatever, provided the proportion of thoſe numbers be not 
the ſame as that of 3 (a) to 2 (5), or 3+2 (a+6) to 3—2 
(a-). And the reaſon of this reſtriction is, that, if 1 and s 
were ſo taken, the ſides of the ſquares ſought, would come out 
the ſame as the ſides of the known ſquares, which compoſe 
the 285 ITT Che and therefore the operation would- be uſe- 


| The excellent old Kerſey, after amplifying and illuſtrating 
this problem in a variety of ways, concludes his chapter thus: 
« For a further account of this rare ſpeculation, fee Ander- 
s, Theorem 2. of Vieta's myſterious doctrine of Angular 
Sections; and likewiſe Herigonius, at the latter end of the firſt 
Teme of his Curſas Mathematicus,” | 


a- 
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3- To find two ſquare numbers, whoſe difference 
ſhall b2 equal to any given number (4). 3 hd 


Let d be reſolved into any two unequal factors a and 
b; a being the greater and ö the leſs. 
4 o put x for the fide of the leſſer ſquare ſought, and 
x+6= : fide of the greater. 
Then x + — =at+ 2bx +b*—x An +#= 
4 (ab). | 
Or, ebwiding by , 2x+b=a. 


Whence, x = === = fide of the laſer ſquare ſought, 
| : | 


and E of the greater. 
2 


12 
* 


85 that, by hy puting 4 =, and Sn adr, 


and Ic = 256 for jonny: in ny a for 
any difference or factors whatever. 1 


4. To ſind two numbers ſuch, that if either of 
them be added to the ſquare of the other, the ſum 
ſhall be a ſquare number. 


Let the numbers ſought be x and Fs Is 
then x* "+ O, and *+x=D0. 


And, if r—x be aſſumed for "the fd of the fo fan 
x*+y, WWE all have x*+ y=r* —x+*, 1 Ker 


— 2. 


M bence 2rx=r"—y, or e. i ls 

Again, if y+5 be aſſumed for the 2 of the I 

ſquare, we 200 have 1 O T1 = 

+200 +8. : 

r Ty ©) 

Whence _ =257 +52, or #2 —y= 8 +276 * 
N 3 


Foo 
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* — 27 — 
And, conſequen 9.9 LIES nd FL 
| TT | AP 5 


47 + "BY v7 5 N 
So that — * and .. are the numbers requir. 
| 777 . in 
& where r and s may be taken at Pleaſure b provided 
that r be greater than 243. 


5. To find two numbers, whoſe ſam and difference 
mall be both ſquare numbers. 


Let x and x*—x be the two numbers ſought. 
. Then, fince their ſum is evidently a ſquare number, 
1 conditions of the queſtions will be anſwered. 
e remains, therefore, only their difference x*—2x 
70 be made a ſquare. « 
And, if for he Ade of this Jquare, there be put r, 


Wwe ſhall have x*—=2r x +r*=x*=—2:x, or zræõ— 2 . 


| Whence, xX= F 


of and x*—x + | — 
27—2 21—2 27—2 
2 2 
So that — and . —.— are the number. 
eguired; <uhere r may te taken at pleaſure, provided 
it be e greate r than 1 A 


* 


4 


6. To find three numbers ſuch, that not only 
the ſum of all three of them, but alſo the ſum of 
every two ſhall be a ſquare number. 


Let Ax, a? — A and 2* 1 bs the three numbers 
fought. 

Then 4x +3* —4x e Ar ZI (zx 1), 
and 4x C A 2x+1 (x*+ 2x+1), are we 
fuares. 


thy 


Dy 


S 1 


w I WE 


fed 


ce 
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And, therefore, three of the conditions, mentioned ix 

the queſtion, are accompliſhed. | 

 Whence, it remains only, to make the quantity 

ax+2x+1, or 6x+1= to a /quare. | 

fy therefore, G Ia; and we ſpall bave 
2 —1 | 


X LD — | 

ne tf 5 — 
Ang, conſequently, = x = — —5 , and 
24 —2 24 — 2 x a*— 26a*+25 Sy a*+2 


I; or 


== 3 _ 3 


are the numbers required; where a may be taken at 


pleaſure, provided it be greater than 5. 


7. To find three ſquare numbers ſuch, that the 
ſam, of every two of them ſhall be a ſquare num- 
ber “. ; | | 


Let x*, , and z* be the numbers ſought; 
Then x H U, S U, and x*+y*= N. 
2 


2 . 2 2 
Or —+ 123 NU and — += =Q. 


x 1 l 
nn 2 


2 2 of 
we ſhall hen ei and 2 41= 
2 45 = 


S which are both evidently ſquares ; and 


She — 


— — — — — 
1 9 


* This queſtion is capable of a great variety of anſwers; 
but the leaſt roots, which have yet been found, in whole 
numbers, ate 44, 117, and 240. See Elemens d Algebre, 
par M. Euler, tome II. page 327. 
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therefore it remains wp 10 make =_ A 2 = fare 
number. | 


"Wa * 7 *—11* 17 2 3 — 7 — 


* = 
3 D* +4 Ki p 
— 4 22 QU; —_— 


Or r Xs *—1]; *r r* — —1]*+ 


EP xXr+1Þ Xr—1 22 N. 

And, ee e 

TR XSi X51 +2 x5i+;ÞF xiFif= | 

e 

42 . 

Now, let the root of this uur be aſſumed = =t4 
wi +2, 

ben, 2748467 i —5+ 20 211 

$53 +55* +2 —45 +4 ; er 28 S-; or 
25+ 8Z745—4- 

Whence 5=—24, and r=—22. 


And, conſequently, eee Bhat» » and 2. 
; & 7” 228 48 %Z 
5 — 1; 
3 
er & 22 an y= — 832 


WT) 
Ir order, F< to "have the l in el 
numbers, let 2=528, and aue ſhall have x=6325, and 
y=5796, or 528, 5796 and 6325 for the roots of the 
Squares required. 
8. To find a number x ſuch, that x+1 and xz—1 
7 be both ſquare numbers. Auſi x. 
To find a number x ſuch, that x+128 and 
+ 192 ſhall be both — 511 "4." eſe #=9Þ 
. ©. 1 
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10. To find a number x ſuch, that K* and x* 
—x may be both ſquares. al, nh? 
11. To find two numbers x and y ſuch, that x+y, 
 x* +y and y*+x may be all ſquares, 
| Anſ. xd and y =. 
12. To find three numbers in arithmetical pro- 
reſſion ſuch, that the ſum of every two of them may 
be a ſquare number. Au. 1205, 840z, and 15603. 
13, To find three numbers ſuch, that if to the 
ſquare of every one of them the ſum of the other two 
be added, the three ſums ſhall be all ſquares. 
Auſ. 3, and r. 
14. To find two numbers in proportion as 8 1s to 
15, and ſuch that the ſum of their ſquares ſhall make 
a ſquare number. | An/. 576 and logo. 
15. To find three ſquare numbers 1n arithmetical 
progreſſion. Anſ. 1, 25, and 49, 
16. To find three ſquare numbers in harmonical 
proportion. Ans. 1225, 49, and 25. 
17. To find four numbers ſach, that if a ſquare 
number (100) be added to the product of every two 
of them, the ſums ſhall be all ſquares, 0 
An. 2, 32, 88 and 168. 
18. To find two numbers ſuch, that their diffe- 
rence may be equal to the difference of their ſquares, 
and that the ſum of their ſquares ſhall be a ſquare 
number. Anſ. 4 and 3. 
19. To find three numbers in geometrical propor- 
tion ſuch, that every one of them being increaſed 
by a given number 19, ſhall make ſquare numbers, 


Au. 81, L and 3. 
e E 1296 
20. To find two numbers ſuch, that if their pro- 


duct be added to the ſum of their ſquares, it ſhall 


make a ſquare number. 
Anſ. 5 and 3, 8 and 7, 16 and 5, Ce. 
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21. To divide a given number (10) into four ſuch 


parts, that the ſum of every three of them may make 


a'{quare number. Arſe 1,6 186  , 681 
'28 289 


22. To find three ſquare numbers ſuch, that their 
ſum being ſeverally added to their three ſides ſhall 
make ſquare numbers. 

Auf 4455 4418 13254 254.8881 
52920 52920 62920 

23. To find two numbers ſuch, that their ſum 
being increaſed and leſſened, either by their diffe- 


rence, or the difference of their ſquares, the fums 


and remainders ſhall be all ſquares. 
| Ans. ard . 
24. To find two numbers ſuch, 7 not Lt 
each number, but alſo their ſum and their difference, 
being increaſed by unity, ſhall be all ſquare num- 
bers. Anſ. 3924 and 5624. 
25. To find three numbers ſuch, that whether 
their ſum be added to, or ſubtracted from the ſquare 
of 28 rticular number, the numbers thence 

5 hall be all 6 


410. 32 = So 8 4291 791, 
EX = To find three ſquare web uch, that the 
_ form 1 their ſquares ſhall alſo be a ſquare number. 


Anſ. 9,.16, and . 5 


. 296 To ind three ſquare numbers ſuch, that the 
difference of every two of them ſhall be a ſquare 
number, An,. 485809, 34225 and 23409. 

28. To divide any given cube R (8) into 
three other cube numbers. 


= roots required, 


4 125 
2b LS and 1. 
= 27 b 


„ « 
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i: Two cube numbers (8 and 1) being given, 
to find two other cube numbers, whoſe difference 
ſhall be equal to the ſum of the given cubes. 
hays Aal. gag, and IT 
30. To divide a given number (28) NON. + of 
two cube numbers (27 and 1) into two other cube 
numbers. 563284708 ' 28340511 ,, 
888 21445828 217445828 ee 
31. To find three cube numbers ſuch, that if 
from every one of them a given number (1) be ſub- 
tracted, the ſum of the remainders ſhall be a ſquare. 
ane 
32. To find three numbers — „ that 4 they be 
ſeverally added to the cube of their ſum, the three 
ſums thence ariſing ſhall be all cubes. "NI 


Anſ. 1538 ; .18577 AIP; 23625 
157464. 157464 157404 
33. To find three numbers in arithmetical pro- 
portion ſuch, that the ſum of their cubes ſhall be a 
cube. Arſe. 3, 4, 5, or 149, 256, and 363, Oc. 
34. To find three cube numbers ſuch, that their 
ſum ſhall be a cube number. | | 


AI. 3*, 4, and 55, or 215, 195, 183, Ce. 


Of ee and InTEzRPOLATION, of 
INFINITE CONVERGING SERIES, 


The do&rine of infinite ſeries is a ſubje& which has 
engaged the attention of the greateſt Mathematicians 
in all ages; and is, perhaps, one of the moſt ,ab- 
firuſe and difficult branches of abſtract mathematics. 
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To find the ſum of a ſeries, the number of whoſe 
terms is inexhauſtible, or infinite, has been con- 
ſidered by ſome as an extravagant paradox, or a 
thing impoſſible to be done. But this difficulty 
will be eaſily removed, by conſidering, that every 
finite magnitude whatever is diviſible ix infinitum, 
or conſiſts of an infinite number of parts, whoſe ag- 
gregate, or ſum, is equal to the quantity firſt pro- 

ed, . 

"i number actually infinite is, indeed, a plain 
contradiction to all our ideas; for any number which 
we can poſſibly conceive, or of which we have 
any notion, muſt always be determinate and finite; 
ſo that a greater may be ſtill aſſigned, and à greater 
after this; and ſo on, without a poſſibility of ever 
coming to an end of the increaſe or addition. 

And this inexhauſtibility, in the nature of num. 
bers, is, therefore, all that we can diſtinctly com- 
prehend by their infinity; for though we can eaſily 
conceive that a finite quantity may become greater 
and greater without at 7 yet we are not from thence 
hea 7 to form any notion of the «/timatum, or laſt 
magnitude, which is incapable of further augmen- 
tation. . 

We cannot, therefore, apply to an infinite ſeries 
the common notion of a ſum, or a collection of 
ſeveral particular numbers, that are joined and 
added together, one after another; for this ſup- 
poſes, that thoſe particulars are all known and de- 
termined. But as every ſeries generally obſerves 
ſome particular law, and continually approaches to- 
wards a term or limit, we can eafily conceive it to 
be a whole, of its own kind, and that it muſt have a 


certain real value, whether that value be determin-. 


.able or not. 1 
Thus, in many ſeries, a number is aſſignable, 
beyond which, no number of its terms can ever 
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reach, or indeed ever be equal to it; but yet * 
$ 


approach to it, in ſuch a manner, as to want! 
than-any given difference, And this we may call 
the value, or ſum of the ſeries; not as being a num- 
ber found by the common method of addition, - but 
as ſuch a limitation of the value of the ſeries, taken 
in all its infinite capacity, that if it were poſſible to 
add them all together, one after another, the ſum 
would be equal to that number. | 

Again, in other ſeries, the value has no limita- 
tion; and this may be expreſied by ſaying, that the 
ſum of the ſeries is infinitely great; or, which is the 
ſame thing, that it has no determinate and aſſign- 
able value; but may be carried on, to ſuch a length, 
as that its ſum ſhall exceed any given number what- 
ever. 

According to the common rule for ſumming up a 
finite progreſſion of a geometric decreaſing ſeries, 
where r is the ratio, / = firſt term, and @the leaſt, 


| — And if we ſuppoſe a, the leſs. 
extreme, to be actually decreaſed to o, then the ſum 
of the whole ſeries will be . For it is demon- 


ſtrable, that the ſum of no aſſignable number of 
terms of the ſeries can ever be equal to that quo- 
tient; and yet no number leſs than it, will ever be 
equal to the value of the ſeries. | 

Whatever conſequences, therefore, follow from 


the ſuppoſition of —- being thetrue and adequate 


value of the ſeries, taken in all its infinite capacity, 
as if all the parts were actually determined and add- 
ed together, they can never be the occaſion. of any 
aſſignable error, in any operation or demonſtration, 


the ſum is 


O 
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where it is uſed in that ſenſe; becauſe if you ſay 
that it exceeds that value, it is demonſtrable that 
this exceſs muſt be leſs than any aſſignable difference, 


which is, in effect, no difference at all; and there. 


fore, the ſuppoſed error will likewiſe be no error, 
rl | | 

and conſequently — may be looked upon as ex- 

prefling the adequate and juſt value of the infinite 


ſeries. 8 

But we are further ſatisfied of the reaſonableneſs 
of this doctrine, by finding, in fact, that a finite 
quantity does actually convert into an infinite ſeries, 
as appears in the caſe of circulating decimals. Thus, 
3 turned into a decimal is =. S 55. 
188 T + 55266, &c. continued ad infnitum. 
But this is plainly a geometric ſeries, from A, in 
the continued ratio of 10 to 1, and the ſum of all 
its terms, continued to infinity, will evidently be 
equal to 3, or the number from whence it was 
originally derived. And the ſame may be ſhewn of 
many other ſeries, and of all circulating decimals in 
general. | £3 


PROBLEM I. 


Any ſeries bring given to find the feveral orders of 
differences. | 


RULE. 


1. Take the firſt term from the ſecond, the ſecond 
from the third, the third from the fourth, &c. and 
the remainders will form a new ſeries, called the f/ 
order A differences. 

2. Take the firſt term of this laſt ſeries from the 
ſecond, the ſecond from the third, the third from 


ſeries 


100 


ſerles 


45 


o_ ry oo WW n=" we 9 w ww ' þ 2. 
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the fourth, &c. and the remainders will form ano- 
ther new ſeries, called the /econd order of differences. 

3. Proceed, in like manner, for the zhird, fourth, 
fifth, &c. orders of differences; and fo on till they 
terminate, or are carried as far as is thought ne- 
ceſſary. 


EXAMPLES: 


1. To find the ſeveral orders of differences in the 
ſeries 1, 4, 9, 16, 25, 36, &c. 
Iz 4» 9, 16, 25. 36, &c. 
1 3. 5 7» 9, 11, &c. 17 aff. 
2, 2, 2, 2, &c. 3d Af. 
e, ©, , 7 


2. To find the ſeveral orders of differences in the 


ſeries 1, 8, 27, 64, 125, 216, &c. 


I, 8, 27, 64, 125, 216, &c. 
7, 19, 37, 61, 91, &c. 1f diff. 
12, 18, 12 30, &c. 24 diff; 
6, 6, 6, &c. 34 df. 
„5, r 


3. To find the ſeveral orders of differences in the 
ſeries 1, 3, 6, 10, 15, 21, &c. | 

| Aus. 1} 2, 3, 4, 5, Cc. 241, 1, 1, Cc. 

4. To find the ſeveral orders of differences in the 
ſeries 1, 6, 20, 50, 105, 196, &c, 


Anſ. Wt 5, 14, 30, 55, 91, Cc. 249, 16, 25, 36, 
Sc. 34 7, 9, 11, . 4th 2, 2, Cc. 22 


PROBLEM II. 


1 A 
Any ſeries a, b, c, d, e, Cc. being given, to;find the 


firſt term of the nth, order of differences, 
O2 : 


i 
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a © 


Die 


Let 9 ſtand for the St term of the nth. dif. 
ferences. | 


Then will a- -=- * * 
2 2 


„ „e, &c. to ai terms , when 


= f 


7 is an even number. | 
And —a+nb—n X==c + 1 Xx 2. ME 
2 #-2:i4 


K RES &c. to +1 terms d, when 
2 


u is an odd number. 
rx TY P L E 5: 
1. Required the firſt term of the third order of 
differences, of the ſeries I, 5, 15, 35, 70, &c. 
Let a, b, c, d, e, Sc. I, 5, 15, 35» 70, Sc. and 
* 3. * 


Then — 3 == 


2 
a+3b—3c+d4==—1 + 1545 + 35 DO term 


requi red. 


2. Required the art term of the fourth . of 
differences of the ſeries, 1, 8, 27, 64, 125, &c. 


Let a, b, e, d, e, &c. 1, 8, 27, 64, 125, &c. 


and 4. 


Then ex * Ei 
2 23 


N 
3 


Ti 


We 


if. 
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mf foes rant PRE eee 
2 


3 mY 
+ 162-=256+125=0; /o that the firſt term of the 
fourth order is o. 


3. Required the firſt term of the fifth order of 
differences, of the ſeries 1, 4, 4, K, 5 3 


4. Required the firſt term of the 8th . of d 
ferences of the ſeries, 1, 3, 9, 27, 81, &c. An}. 256. 


PROBLEM III. 
To find the nth, term of the ſeries, a, b, c, d, e, &c. 
RULE. 


Let 4, in, n, in, &c. be the firſt of the 
ſeveral orders of differences, found as in the laft 


problem : 


'Then will a+ nd += u == 
I 2 


Aden 1 W- e 
2. 3 1 52 . 4 
&c, be nth. term required. 


EX AMF T 26: 


1. To find the 12th term of the ſeries 2, 6, 12, 
20, 30, &C, 
3 2, 6, 12, 20, 30, &c. 
4, 6, 38, 10, &c. 
2, 3% % . 
o, o, &c. 


03 


SY 


—— 
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| Here 4 and 2 are the firft terms of the di iſſerences ; 1— 

© Let, therefore, 4g, 2 24 and n=12. ; 77 

Den * ee Ans n. ſeri 
1 


$54" 2444+ 110 156= 115 term reguired. 


2. Required the 20th term of the ſeries 1, 3, 6, 
10, 15, 21, &c. 
| 1, 3, 6, 10, 1% 21, Ke. I 

25 3. 4. 55 6, &c. * | 3, 4 
„ % „ oe 
o, o, o, &. 
Here 2 ad 1 "are the firſt terms of the di ter ; 
Let, therefore, 2 , Id, and n=20, | F 


Ther a HILL ES =i 4190+ 


1e p rell 425 term required. , 
3. Required the 15th term of the ſeries 1, 4, 9, ſum 
16, 25, 36, &c. | As. 225. 
4. Required the 2oth term of the ſeries 1, 8, 27, i 
64, 125 & c. | | oo] | Auſ. 8000, 3˙ 


7 R 0 B L. E M IV... 
To find the ſum of n terms of the nin a, 5, c, d, 


t, C. 
R UL E. g 
Let 4, 4, Am, 4 &c. be the firſt of the ſeye- The 
ral onlers of differences, | 
Then will na nx" 42K „n 31 
114 1 


N Xx — == 
* 3 4 3 


: 
| 
ö 
| 


5 
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un, &c. = to the ſum of terms of the 


+ 5 
ſeries. 487 


EXAMPLES: 


To find the ſum of + elle ar the ſeries I, 25 


3 Fe 5, 6, Kc. 
1, 2, 3, 4, $y 6, &c- 
t; % 1, 33; WE 
O, O, O, O, &c. 
ite 1 and o are the firſt terms of the di Zrences. 
Let, therefore, al, 4"=1, wy d"*=05; 


Then will na Ku — =n KS . 
8 2 — — . 


2 * 


* 


ſum of n terms, as required, 


2. To find the ſum of terms of the ſeries 1“, 2, / 


3*, 4*, 5*, &c. or 1, 4, 9, 16, 25, &c. | 
1, 4, 9, 16, 25, &c. 
3» 5, 7» 9, Ko. 
| 2, 2, 2, &e. f N 
1 &c. 


Here 3 and 2 are the firſt terms of the di ferences : 
Let, therefore, a=1, 43. 2 . 


Then will na+nX _— 11 K =n+ 


5 —2 33 —2 — 33 ＋22 
3 — 2 r 
1Xn+1X2n+1 | 


— = ſum of n terms, as required, 
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* 3. To find the ſum of x terms of the ſeries 15, 


25, 3, 4, 5, &c. or 1, 8, 27, 64, 125, &c. 

| 1, 8, 27, 64, 125, &c. 
7, 19, 37, 61, &c. 
12, 18, 24, &c. 
6, * 6, &c „ 
ö o, &c. 

Here the firſt terms of the differences are 7, 12. and 6. 

Let, therefore, arg l, d*=7, d"*=12, andd*"*=6. 


Then will na AN 14 +2x*=2 „ — nn 


3 Ne SSH =a+75 _ + 122 
Mo „463 — * e © 4 ul 


2 3 4 2 


* 


The ſums of a ſeries of powers of the natural numbers 1, 


2, 3, 4, 5, &c. may be exhibited as follows : 
111 ＋2 +3 +4 »&c. +3 = = 3 


2 | 12+25 +35 447, e. f 


3 | 13 +23 +33 +43, &c. r 


4 | 1*+24+ 34+ 44, &c. NG TILT A 

5 | 15+25+35 +45, d. L tie Wnn 

g +46, &c. -f 

7 [1427437 +4, ue. 47 e 
8 1 


Far 1. PF ——2 — 


r. 1. -r. — S c 


* 


+ 


2.3·4˙5˙6 
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+ 23 —6+* ( % 18} —6n_nt+ 21 4 
| n 


= = um Vn terms, at required. 
4. To find the ſum'of » terms of the ſeries 2, 6, 


12, 20, 30, N | 4. e. 
5. To find the ſum of » terms of the ſeries 1, 3, 6, 
10, 15. &c. Aus. * WN. | 
2 35 


* To find the fum of « terms 2 the ſeries 1. + 
10, 20, 35, &c. us. 27 — EEE REES 


7. To find the ſur of » Sie lift be 17, 
3% 4*, &c. or 1, 16, 81, 256, &c. 


. e 
eee 
r = 


— mY * - * 32 


1 „ & — — — ; TY 


Than e ede if Vets of Ute numbers may 
alſo be exhibited as follow s: | | 


1]1+1+ 1+ 1, & | 
eee 
[3 | 143+ 6+20, — 


RES 


+] 1+4+10+20, &c, = _ 1 FIAT. wore 
| EH * 
n.n+1 7727 z. n+4 | 
Wo — 22 A —— 
n. — n+2. z. 1 ＋4. — 


1.2. 3-4·5 · 6 


515455 b. . 


6 1+6+21+56, &c. 
* p * 


&c. * Fact 
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PROBLEM V. 7 
Ne of 1 
* The ſeries a, b, e, d, e, Cc. being given, whe/+ 2. 
terms are at an unit's diffance from each other; to find the t 
any intermediate term by interpolation. r. 
” 1 3 
| G's 
R U LE. Fc 230 


Let be the diſtance of any term y to be interpo- 
lated, and 4, 4”, in, &c. the firit terms of the 


differences: | 
Then will e Duin * H 
| | d, e, 
SEN, , Ke. y. inter 
3 * 3 4 N | | 
"EXAMPLES: 9 
1. Given the logarithmic fines of 107, 1® 17 4 
127 and 1* 3“ to find the fine of 1* 1 40 | tern 
19 of oof io af bf ig? of tern 
Sines 8. 2418553 8.24903 32 $.2560943 $.2630424 il 
71779 70611 69481 21 
| —1168 —1130 3 
| 38 
Here the fin terms of the differences are 71779, 1 
— 1168, and 38. | 2 
Let, therefore, #==1* 1 140” 1* of =1' 40” =15- 
= diftance of y, the term to be interpolated ; and 4 - 7] 
71779, 4 =——1168, and 4*** =38. 
Then will H + * * 
— +24*+374" * 258.2418553 ＋ 1 
3 FIG 81 105 


4 
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0119631 —.0000694—.0000002=8.25 375 33= fine 


of 1? I 40%, as was required. 


2. Given the ſeries , 4r> r, Nr, r, &c. to ſind 
the term which ſtands In the middle between 4; and 
7 Anſ. 1 


5 Given the natural tangents of 88“, 54 885; 
$57 88, 56“, 889, 57', 889, 58, and 88?, 597; to 
nd the tangent of 88, 58", 18”. 

; Anſ. 55-711144- 


PROBLEM VI. 


Having given a ſeries of eguidiſtant terms a, b, c, 
d. e, Cc. whoſe firſt differences are ſmall ; to find any 


intermediate term by interpolation. 
RULE. 


Find the value of the unknown quantity in the 
equation which ſtands againſt the given number of 
terms, in the following table, and it will give the 
term require. 
i1]Ja—- b= © 


214-234 = © 

314-364 30— d © 

4] a—4b6+ 6 — 44+ e= o 

5 [a—gb+10c—1lod+Þ ge f=0 

6] a—6b+15c—204+15e—bf+g=0 | 
7 a—nb lake Sr maar mad =O, 


EXAMPLES: 


1. Given the logarithms of 101, 102, 104, and 
105 ; to find the logarithm of 103. py 
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| Here the number of terms are 4, 
" Therefore apainſt 4, in the table, we 99 n + 


ferret) or ee. 


a= 2. 0043214 
3 2. 0086002 
d= 2.070333 
pf 2-1 2,0211893 | 


IWhence * 


03” 4 A 


ee 16-1025940 45 
a rer 4. 0255199 | 


60.12. 7% 


(FR 2.01 l of 103, as e 

ihe Given the cube roots of 45, 46, 47, 2 and 

; to find the cube root of 50. Anſ. 3.684033. 

3 Given the logarithms of 30, 51, 52, 54. 55, 
and K. ; to find the logarithm of 53. 


1 1. 7242758695. 


' 


PROMISCUOUS aid RELATING 
TO SERIES, | 


1. To find the ſum (5) of A terms of the ſeries 1, 
2, 3, 4, 5, 6, &c. 
Fir 1+2+3+4+5, O.. 3 f. 


And N= eee . . 
_ Therefore n+1+2+1+1+1+1+7, . 


n+1=28. 


— _ 
And conſequently n+1 NK ; or S 
2 


fum required. 


— 


21 
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To find the ſum (FS) & « termpef the forves 1, 3» 
571 7» 9, 11, &c. 
Firſt 21431742192: Y ++ + 201 =, 


And wy + 21—3 + 2#—5 day 122 —9, Sc. 
E. 


' Therefore 2n+2n+2n+2n+2n, Cc. . 22 22. 


And, conſequently, 2n Xxn=28; or gt — 
E 


um required. 
3. Required the ſum (S) of » terms of the ſeries 
a+a+d+a+2d4+a+3d4+2+44, Se. 


rho. a+a+d+a+24+a+34, Sc. 4421 
10 WP, 


And eee e ee e 
nd—4d, So.. e. 


7. berefore : A TNE 2a 47d —d + 2a4nd=d, Er. 
2a+nd—d=28. 


And, a 0 24 Tc —CX1n=28 ; or S 
2a+nd—dX = = /am required. 
2 


OR THUS: 


Firft, a, = Y. &c. 
1 141414141, Se. 4 
+0#1+2+3+4; -4, fc. xd 
But n terms of 1+1+1+1+1, . 22 


— 


Ditto of 04142+3+4, S.. = 2 
2 


And therefore — — _ ee 


48 before, | | on 
2 


- 
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4. To find the ſum ($) of n terms of the ſeries 1, 
X, x*, *, xt, Ko. 
Firſt, 1+x+x*+x*+x*, Ce... 4 I=. 
Aud & t , Cc. — 
Therefore 25 Ts: 


Or — === = ſum required. 
X—] 


And, when x is a proper fraction, the ſum of the 


| ſeries, continued ad infinitum, may be found in the ſame 


Thus, ITT HTN, e. s. 
And x+x*+x*+x*+x5, c. x. 
Therefore —1 KS; or $—8x=1. 


Whence S$=——= om of an infinite number of 


terms, 4. required. 


F. Required the ſum (s) of the chit deci- 
mot 999999. &c. ep ad ere 


1000 — 
*:. =. 
100 10000 
1 I TM I S 
— — — — — e . — 
= enge CE — f 9 
Therefore, I 773178 L788 Se. — 108 
* 9 wee? 44 
And, 1e a 


MK: .-..9 
Whence S=1= fum . 


6. Required the ſum (S) of the ſeries a TAT 


424 24. 24 +a+3d)*+a+44]* » &C, continued to # 


terms, 


Thi 


be 
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Firft, a ga 
ab+d\*=a*+2X1tad+ 14* 
a+2a|*=a*+2 X 2ad+ 44* 
a+ 3} *=a*+2 X3ad+ 94* 
by a 2 X 4ad+ 164* 
Co 


. 


Sum of n terms of 111+ 1, Oc: 
X a* 113 
„ Om} + + +» » ditto of ©þ1+2+3, Oe. 
Therefore, & = 1 d 5 3 
+ + + . . ditto of 0+1Þ+4+9, . 
| * 
Bat n terms of 14+ 14141, Se. =n _ 
Ditto e, 25> 
2 
N11 2 — 
IX2X3 _ 
„I. 
I 
da x- X 24—1 
1X2X3 OI 


And ditto of '0+1+4+9, Cc. = 


Whence S N=. * ad + 


d na + nad N= i 


reguired. 


7. Required the ſum (S) of the ſeries a*+ a+ 4P 
+aÞ+24\'+a+ 34 341+ a+ 44\3, &c, continued to 2 


terms. 
Firſt, — 
a+dP=a*+3X1a*d+3X 14% ＋ 14 
a+2d4=a*+3 N 3X 4a ＋ 843 
a+3aÞ=a*+3 x 3a*%4+3 Xx gad*+ 2743 
a IIA 3 Xx 4a*d +3 X 16ad*+644® 
| PZ 
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Tyme. A ici, Oe. 


ann of 0+1+2+3, Oc. 


Jerefore, S $30%d 
en, n 12 * „ ditto of ITA To, &c. 
| * 3a 0 
+++: ditto of o+1+8+27, Oc. 
x4® | 
| But n ee Rüger Se. 2. 
Ditto 77 14273, Le. SR 
17 IXS. - 
0 . of ob $4+9, &, === LET 
— +a 
t + of 0+1+8+27, Se. = * 
- Whine S 
| - "PCN 
Xt t. . — 2 T K | 
| [TX2XI = * 
reps” * N 


8. Required the ſum 2 of x terms of tlie ſeries 
1+3+7+15 +31, &c. 


+; The terms terms of this riet a are 1 equal to 1, 
2 1+2+4, 1+2+4+8, Sc. or the ſucceſſive 
fans of the geometrical progreſſion 1, 2, 4, 8, 16, Sc. 
Let, therefore, a=1, and rg, and we Hall have 
a+ar+ar*+ar*+ar*, &c. =1+2+4+8+16,&c. 
But the fums of 1, 2, 3, 4, c. terms of this. ſeries, 
are 
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| R. 


+] r—1 1—1 
S.. Sc. 
| 1 | n terms of rþr* +r3 +7, fee 
Nen N | Cam b 1411 
But 1+1+1+1, ”_ =” 
And rr 24-3414, Se. i . : 


hd | 


Whence $=F< — * en 
of — 


2 N the ſum 000 6 terms of the ſeries 
— + 142 225 &c. the terms of which are 


the ſi deere ſums of the geometrical progreſſion 
++) —+ +> e. 


* 


Let a=1 and r=2, temwillat Eo Eats 


&e. =—+7+—+7+7 Se. 


But the ſums of rh terms of this ri 
are 


P'3 


3 
9 
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Bin 4 
EPS 

es: &c, 

"x terms of rFr+r+r, C.. 
e Sr. 
But e We: = ., 
A4 — ot ante = = 


Therrfore $=—= X 


Pas , 
— ——ä— 
TODO X 11 


| — 
ET | AT 


= /um required: 


4 & 10. To find the ſam (G) of the infinite fries of 
f the reciprocals of the triangular numbers, + 


. 
1 | 


' FAA ee ad infinitum . 


Or, 127 777 . * 6: + Ks 0 28. 


8 
Then * 6 $0.0 2575 


3 
1 
+ 
alk 
IF 
+ 
| 
& 
| 


\ 


| numbers _ be exhibited as follows: 
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* Enn . . 1 
8 RT Bk The 4 
# 1 . — 
33 $4. - 


* beice, == =; ; or SSD Jum anions 
I 


2 kh, To: find 0 ow of x'terms of the ſories 


Let x ., oc. to. 
Ak 2a 1 0 Je. ton 
re. D Ee 

en ⁊ 72 +—+ 7 7 lo = 
And — 2 N 1 54 — 18. ts - 
: if CHI + 7 * 225 2 241 


— —_ — — 


, 


® Let Z a ſum of an infinite number of terms, and S 
ſum of » terms. 
Then the formul# for the ſums of the n of figurate: 


= 8 


PRIDE et” Ag ther Re 
Ini La Ou=S=NST 
8 20 1 Fes 
5 — —— — , Sc. 171 
I, 1 hey $8 
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5 . how e. 8 


12 20 * 2 * 
Or, 


n+ ee 222 Derr 

WD 1 13 8 rr 

, ”Y 24 3's TORI | ue 

N 24 required. 
12. Required the ſum of the infinite ſerkes £55 


; — ——_—_— — | &c. 
2 3. 8 RT 5-6 
I 


rs z * . = Oe. 22 


4 5 
| Then x _f =! 3 ee by rran/poftion 
1 2 34 5 


4nd 1 = 85 t Sc. by fubtraion: 

Or WE: Fra 7575 Se. by tranſpoſition. 

er 63 . 3.16" nn, 
225 eee „Oc. 

8 nts 5 e 

2 Sc. 2222 


4-5-0 2 


I I 
1.2.3 2.3.4 =; 
= /um required. 


2 
4 


(or n terms) 
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13. To find the ſum ene 
1 1 I 
— —— · &c. 
234 345 77 {pt ph 
Let æ 2 - 2 "Mai 
223745 n.4 1 
Thes n a bans e 
3 23 3475 n.n+1 
And X 3 POTEN 1 FF bs Oe. ta 
| 2 271777 737348753 


+ 


an 
n+1.n+2 | 
. ine S; 0. 
4 2 n-+1.n+2 TILT 3-4-5 
(continued to n terms) by ſubtraction. 
BA A LOT Fe.” Ms Sc. 
4 2.n+1.n+2 12.3 2.3.4 34.5 
(continued to n term ) by diviſion. 
And conſequently, 44 Sc. to u 
1.2.3 1 234 , | 
terms=] 4 — um reguired. 
4 2.n+l.n+2 
| S 8,8 


14. Required the ſum (S) of the ſeries ns * 


75 &c. continued ad infinitum. 
Let x and S 
: 2 I+x 
. Then r- -=, Se. 
1+x 


And x i Xx - -= Oc 


—_ - 
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=} gr + , Ce. 
14 


x—Xxz+x*—x*+ x5, Ce. 
12 . Oc. 


=x=+0 +0 +0 46. De. 


T berefore æ⁊x. 


| Aud x — 24 -, Ce. 2. 
1-+x 


. 
Or! i De. n=; = un 
required, | 


16. Required the ſum of the infinite ſeries 7 +24 


8 
2 I 


=x+ 24% + 3x* +4x*+ 53", E 
1—2 


Ard $=1 —x|* x x+ 2x*+ 7" al Sc. 


811 34 ＋4A & 
I—2x +x* 


344+ 5. &c. 
$7167 * 


Then = 


4424 3x* + 4, c. 
— 2 — 4 —6 =, Se. 


; + . 289, Se. 


x+ o+: 0+ o, &c. 
. Therefore æ E. 


Aud 2x? x5, Wc ===. 
Led xt +3x*+4x*+5 RAY 
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14243 5 5 7g 6 
guired. 
16. Required the ſum (S) of the infinite ſeries 
4215, & 
115 ＋ r 
Ae and = s. 


— 


Then +4 +9" + 16x*+ 25x5, Se, 


Aud iN 4x*+9x* + 16x*, c. 
* x*, as will be fuund by actual Ds. 
Therefore x T . 
And conſequently X#+4x*+9x*+ 16x, C. =* * 


1a 


Or 1444.2 16 Se. . 
3179727 + 57 1 


required. 
17. Required the ſum (S) of the infinite ſeries 


a+d a+2d a+3d , 
8 
Let æ , and S = * 
r . 1— 
3 a 444 4124 «+34 
Tein na Ee EE 


8 22 a+3d4 ;o 
1 the? porn” wy 
Thatic g TAT. ** + a+ 2 
* Cc. | 
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Andz=1—a] Xa+a+dx+a+2dx*+a+ 55, 69. 
=1—x Xa+dx, as will appear by actual multipli- 
cation. 


Therefore z=1—x Xa+dx. 


Aud conſequently 1 Oh = 


e = fum required. 
m. IA 


þ 


EXAMPLES FOR PRACTICE. 


1: To find the ſum of » terms of the ſeries 24 


a—d+a—24+a—3d4+a—44, xc. 
Ar. = X 2a—1=1 X 4. 
2. Required the ſum of the jnfinice ſeries a+ da 
T a+ da, Kc. where & is a proper 8 
6 
nf. maar, 
* To find the ſum of the infinite ſeries 14 21 
3 e &c, 426 41A 1. x3, 
I——x 
4. Required the ſam of the infinite ſeries 5 +3 
_ +6x*+10x*+ 1527, &c. 475 
— N 


5. Required the ſum of the infinite ſeries T4 
| n 5 &c. 4 ** 


r 


6. Required che fam of the inknite ſeries T7 + 


Se. . 
5559155 5 5 


* — 
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2. Required the the ſum of 40 term of the ſeries 


1x2+3X4+5x6+6Xx X7, &e. 1 426. 22960. 


8. Required the ſum of the infinite feries . 


[5 SITS ES © 2-3-4 
Sa — — | o 5 "—— x 
— Le. TW A4. = 

Fes U 4+5-6 0M 

9. Required the fm of = tetms of the tries 
I I 


—_ — Kc. 1 
14.4 2 7. 


— : — A n 


* 45. — p — * * — 1 


—. 
8 uy 3. 2 l. T 2.2743 
10. Required he ſum of a terms of the ſeries —« 


11. Ae ii 7 


2.5 
* rr 75 
367 47 1 T eee 

ae bers We 22 
ang r ie. 77. 5 


12. Required the fum of dhe ſeries 5 f 4 


** | 1 | 84337 ' ** . 95 os a . 
| : 
: ** 


1 f ” J 


M46 54] Au 182 TOS Wy 
e 


: 


a * 
38 
4 


r 10nd, 
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2 wie, e Gs 


2 2 


* I . 
CE CY 
N | 2* ben ca 12 i} q n 621 ' 
r 
4 48 2 5 
1 Re wired t th fi of the ſerie 5 176 
th 9 Sang F a 


WP TIS | . 7 
"be 99313 4 4 — 


9-16 12.20 2 pf -K $4 


_—_— — , 6 2 
r 12 12 T 12 
* e Require im of th . Sg 4 
2. 4 5 


7 


| 1 1 * | 
— — . * — 
48.5. 5 1; 10.6.7 2x. — 4+n 


Lf. ES, CEN: i 


11532 24 4.142 8.2 72 
23 


3 abs boots: Ty I 
Ar fer . 3 


— — * 

* A great variety of ſeries, of different forms, may by found 
in other authors ; but thoſe which a ere given will be ſuf- 
ficient for the Jearner' 8 practice. 0 N 

The names oſ the * authors, who * written upon 
this ſubject, are as follo 

Archimedes; Arabes ; — :Hartovez Briggs; Ni- 
cholas, Daniel, John and James Bernoulli; Fermat; De Car- 
tes; Clairaut; Condercat; Cotes; Dodſon; Euler; Emerſon ; 
Fagnanus; Le Grange; Goldbach; Gregory; Halley; Har- 
riot; Huddens; Huygens; Hutton Kepler; Keil; Landen; 
Mac Laurin; De Lagney; Leibnitz; Lorgna; Lucas de Bur- 
go; Manfredi; Monmort; De.Moivre; Montono ; Nichole ; 
Newton; Oughtred'; Riccatiz 3 Regnald ; Saunderſon; Ster- 

gs Sufus; Simpſon ; Brook Taylor ; Varignon; Vieta 


— 
— 
” 


N NU U AN 0] 1 40 the 


98). 29: 500380 371 m7} Jnarsqqs AN; 
26. 


* 85 3 eng en vos. it & + 

N o ο AHS vo 

' 3 2 1441 1; -“, 9 * 29 to f3ubo1 4 5C7.607 :2 , 
l 33181 Fo 2 Fo Mg 10 1 


Legarieban ae numbers fo e add Heated 
to other numbers, that the ſums and differences of 
the former ſhall correſpond to, and hey, the ub. 
ducts and quotients of the latter. 

Or, more enerally, logarithms are the Cat 
expbnents of ratios); r a ſeries of numbers in arith- 
metical progreſion, ànſweting 0 another ſeties of 
numbers in grofneancal N 1 tod: 19 x2bai 
Thus ot F 3. 4. 85 - Indices,” or Togayie 5. 

4. 8. 16. 32. Geometric prog re Fon. : 
1 1 48 By! . 5. Nice, ur YogritÞms.” 
I 3: 9. 27: 81: 243. Geometric prografſion. 
ook: fe. i... ibs 5. 1 lag. 
1. 107109. 190 


And, from hence, it is evident, ehat there may be 
as many kinds f indtoes, or logatithms;" as there 
can be taken different kinds of geometric | ſerles; 3 
and that in an) ſyſtem, or table, of logarithm 
whatever, the logarithm, of unity, or 1, will be 


ing. mn of iN} 13TH — reer oy 43 
eos ee 6727 NEAR . I M 0007-1494 22-03 $0202; 
<BY T8 1 D 7? y 2393: * F G3 .QAIOI bY « IT 4 \.3 fy * Fr 


e Abende 7s the undoubted right of 
Lord Wipkr, Baron of Mrrchifon,” in Storlanu, and is properly 
conſidered ag of the moſt 7 and excellent diſcoveries 
of modern inks & table bf thefe numbers was firſt publiſm- 
ed by him at Edinburgh, anno 16 14, in a treatiſe entitled 

Canon Mirificam L arithmorum'; and as their great utility and 
extenſive application, were ſufficiently apparent, they were 
2 received by all the leatnect throughout Europe. 

* Bripge,, dy A Profeſfor'of Geometry at Ouford, 


@Qz 
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It is, alfo, apparent, from the nature of theſe 
ſeries, that, if any two indices be added together, 
their ſum wil be the Index of that number which is 
equal to the product of the two terms, in the geo- 

metic progreſſion, to which thoſe indices belong. 
Thus, the indices 2 and 3. being added togriber, are 
=5 3. and the numbers 4 and 8, or the "terms corre- 
Jponding with thoſe indices, being multiplied together, 
are =32, which is the number anſwering to the in- 
| Ana, in like manner, if any one index be ſub- 
tracted ſrom another, the difference will be the 
index of that number which is equal to the quotient 
of the two terms to Which thoſe indices belong. 
Thus the index 6, minus tbe index 4, is S; and 
the terms correſpending to thoſe indices are. 64 and. 16, 
whoſe quotient is ; which is the number anſwering 


. be = 
to the index 2. 
* „ # * 8 ; 
N % » 
— ** * » 


upon hearing of the diſeovery, ſet out on; a viſit to the noble 
inventor, and ſoon; afterwards they jointly, undertook the ardu- 
dus taſk of comp uting new tables upon this fubject, and te- 
ducing them to a more convenient form than that which was 
at firſt thought of. But Lord Neper dying before they were 
finiſhed, the whole burden was laid upon Mr. Briggs, v/ho 
with prodigious labour, and great ſkill, made an entire Canon, 
according to the new form, for all numbers from 1 to 200co, 
and "from ges to 101000, to 14 places of figures, and pub-” 
liſhed it at Londan in the year 1624, in atreatiſs entiled Ar itl- 
metica Logarithmica, with directions for ſupplying the interme- 
diate coiliads. PEST 24 135248 9 A tÞ-> PRE A 5781 Tris") 

This Canon was again publiſhed in Holland, oy AdrianVlacg, 
anno 1628, together with, the logarithms, ef all the number;, 
which Mr. Briggs had omitted; but he continued them only 
to 10 places of decimals. Mir. Briggs alſo, computed the-loga-, 
rithms of the ſigns, tangents and ſecants, to every degree, and 
10 Part of a degree of the whole. quadrant; and ſubjoined 


$ * 


the 
ha 
to! 
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For che fame reaſon, if the logarithm of any num- 
. multiplied by the index of its 2 the 
product will be equal to the logarithm of chat 

ower. 

8 Thus, the' index, or logarithm of 4, in the above 
fories,' is 2; and if this number be multip — — the 
product will Be =6 3 which is the logarithm of 04, or 
the third power of 4. | 
And, if the logarithm of any number be divided 
by the index of its root, the quotient will be equal 
to the logarithm of that root. 

T hus the index, or logarithm of 64 i 6; and if this 
number be divided ly 2, the quotient will be =4 # 
which is the logarit hm 72.8 8, or the ſquare root of 64. 

The logarithms convenient for practice are 
ſuch as are adopted to a CR ſeries W rg 


— 


them to the natural ſigns, tangents and ſecants, which he 
had before computed to 15 places of figures. And theſe tables, 
together with their conſtruction and uſe, were firſt publiſhed 
in the year 1633, after Mr. Briggs's death, by Mr. Henry 
Gellibrand, under the title of  Trigenometria Britannica. 
Benjamin Urſinus has alſs given us a table of logarittims to 
every 10 ſeconds. And Mr. Wolf, in his Mathematical Lexicon, 
ſays,” that one Yan Loſer had computed' them to every fingle 
ſecond but his untimłly death prevented their publication. 
1 great number of other authors have treated of this ſub- 
ject, but as their numbers are frequently inaccurate, and in- 


. commodiouſly. diſpoſed, they are now generally neglected. The. 


tables in moſt repute at preſent, are thoſe. of Gardiner in 4to, 
firſt printed in the year 1742, and Sherwin in 8vo, firſt printed 


In the year 1705, where the logarithms of all numbers may be- 


eaſily found from 1 to r0000000; and thoſe of the ſigns, tan- 
gents, and ſecants, to any degree of accuracy required. 

-  Dedſon's Antilogarithmic Canon is likewiſe a very ingenious 
work, and is of great uſe for es the numbers anſwering: 
to any given logarithms, 2 620 


J 23 
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in a tenfold proportion, as in the laſt of the above 

examples; and are thoſe which are to be found, at 

: N in moſt of the common tables upon this 
ubject. | CET 

And the diſtinguiſhing mark of this ſyſtem. of- lo- 
garithms is, that the index, or logarithm, of 1 is o; 
that of 10, 1; that of 100, 2; that of 1000, 3, &c. 
And, from hence it follows, that the logarithm of 
any number between 1 and 10 muſt be o and fome 
fractional parts; and that of a number between 10 
and 100 will be 1 and ſome fractional parts; and fo 
on for any other number whatever. 

And ſince the integral part of a logarithm. is al- 
ways thus readily Band it is uſually called the 
index, or characteriſtic; and is commonly omitted in 
the tables; being left to be ſupplied by the operator 
himſelf, as occaſion requires. | 


w= 


or Tux MAK ITG or LOGARITHMS. 


Whatever arithmetical progreſſion we apply to a 
geometrical one, the terms of it are logarithms only to 
that ſeries to which we apply them, and, anſwer the 
end propoſed only for thoſe particular numbers; ſo 
that if we had logarithms adapted only to particular 

ometrical ſeries, they would be but of little uſe, 

he great end and deſign of logarithms is the eaſe 
and expedition they afford in long calculations, by 
ſaving the Iaborious work of multiplication, diviſion, 
and — extraction of roots; but this end would never 
be completely anſwered, unleſs logarithms could be 
n to the whole ſyſtem of numbers, 1, 2, 3, 4, 
&c. And as here lay the excellence and merit of the 


contrivance, ſo alſo the dificulty. For the natural 


» „ 988. = 
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ſyſtem of numbers; 1, 2, 3, 4, Kc. being an arith- 
metical, and not a geometrical ſeries, ſeems rather 
fit to be made logarithms of, than to have logarithms 
applied to it. Vet this difficulty may be eaſily 
removed, by conſiderin g 
That though the whole ſyſtem of natural numbers, 
I; 2; 33 4, &. makes not one geometrical ſeries, 
and cannot, by any means, be brought within ſuch 
a ſeries of determinate numbers, yet they may be 


brought ſo near to it, as to be within any aſſignable 


degree of approximation; which may be conceived, 
in general, thus: dare a fraction indefinitely 
ſmall, to be repreſented by x, and a geometrical 
ſeries ariſing from 1, in the rati» of 1 to1+x, to 


be r, ITA, I +aÞ, 1431, 1 Tal, Kc. Then muſt 
ſome of theſe terms come indefinitely near to coincide 
with all the natural numbers, 1, 2, 3, 4, &c.; be- 
cauſe amongſt numbers that ariſe by -indefinitel 
ſmall increments, ſome of them muſt exceed, or fall 
ſhort, of any determinate number, by an indefinitely 
little exceſs or defect. 2 
II, chereſore, in the places of the terms of this 
ſeries; that do approach indefinitely near to any of 
the natural numbers, we ſuppoſe theſe natural num- 
bers themſelves to be ſubſtituted, then will the ſeries 
be a geometrical prog reſſion, to an exactneſs that 
may be called indefinite; becauſe the approximation 
of its terms to the natural numbers, can never end, 
but goes on in iuſinitum. Nn 
And ſince this imagined geometric ſeries compre- 
hends; indefinitely near, the whole ſyſtem of natu- 
rab numbers, 1, 2, 3, 4, Kc. ſo the. indices of its 


terms comprehend a whole ſyſtem of logarithms, 


which are adapted to this ſyſtem of numbers, and may 
be extended to any length we pleaſe. For though the 
natural ſyſtem of r emſelves, 
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a complete geometrical ſeries, yet they are conceived 
as a part of ſuch a ſeries, and their logarithms are 
the indices of their diſtances from unity in that 
ſeries; or, more generally, they are the correſpond- 
ing terms of an arithmetical ſeries applied to that 
geomerrical one tc 1rd „„ l 2:1 
But, again, it muſt be obſerved, that an indefi- 
nitely ſmall fraction cannot be aſſigned; and, there- 
fore, in the actual conſtruction of logarithms, we 
muſt be contented with a determinate degree of 
approximation. Whence, accordingly as we take 


x, ſo in the ſeries 1, IT, ITE, TA,, 7 TA, 
&c. the approximation of its terms to the natural 
numbers will be in different degrees of exactneſs: 
for the leſs x is, the nearer will be the approxima- 
tion; but then the more are the number 51 involu- 
tions of 14, neceſſary to come within any deter- 
minate degree of nearneſs to the natural number 
aſſigned. 

Thus then we may conceive the poſſibility of 
making logarithms to all the natural numbers, 1, 
2, 3, 4, &c. to any determinate degree of exactneſs; 
viz. by aſſigning a very ſmall fraction for x, and 
ney raiſing a ſeries, in the ratio of x to'1+x, 
and taking for the natural numbers ſuch terms of 
that ſeries as are the neareſt to them, and their in- 
dices for the logarithms. But then, to conſtruct 
logarithms in this manner, to ſuch an extent of 
numbers, and degree of exactneſs, as would be 
neceſſary to make them of any conſiderable uſe, is 
next to impoſſible, becauſe of the almoſt infinite 
labour and time it would require. This, however, 
is an introduction for underſtanding the method of 
the noble inventor, who undoubtedly firſt took the 
Hint of making-logarithms from the conſideration 
of the indices of a geometrieal ſeries; and by means 


a + er ben 
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of the principles and known' properties of theſe pro- 
Rm he firſt. formed his tables, and adapted 
em to the 1. r u 1 


p P 
© þ 14258 
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75 find the eule of any of 1 the natural num- 
bers, 1, 2, 3, 4» De. * to the . 47 
Nx Ex. 9 


To "Pq P i 2 8 *® 
3 


wh TL 4A. 
6 
TI * 56. l * 1 L Ba þ 543 \ te Yo 


1. Take the Dc ſeries, 1, 20, 100, 1000, 
10000, &c. and apply to it the arithmetical N 
I, 23, 4, = &c, as logarithms. 

2, ind. a etric-mean between 1 and 10% 10 
and 100, or any other two adjacent Pere of 2 
ſeries betwixt which the number propoſed lies. 
3. Between the mean, thus found, and che near- 
eſt extreme, find another geometrical mean, in the 
ſame manner; and fo. on, till you are arrived within 
Bis ropoſed limit of the number _ logarithm 


wat wh as many a 8 in the ſame 
82 as you found the geometrical ones, and the 


laſt af theſe, will be the * WT to the 
— e ART 1 a 


——uj— — — 


D 402 Does! waxes 
Let it be required t to find the logarichni of 9. 


Here the num bers between which 9 lies are 1 and 1 i 
"Firſt, . r. of 10ir1, andthe log. of 1 is 03 


therefore 12 =; is tbe * mean. (Had 
aan 

VIX ig — 4 3.622775 — avcan'; 
whence th 22 of 3. 1622777 11. 5. 
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Srcandly; , thr dog... of 10 4s. 1. and the he. of 
3.162277 * 55 therefore 35 2 — 75 = arithmeti- 
cal mean. And 10 X , 6234132 = 


geometric mean. ] whence the log. 3413275 .75. 
Thirdly, the log. of 10 is 4 and the bog. of 


5: 6234132 15 753 5 therefore 15 — '« — 875 = = arith- 


metical mean, And io. X 5. . 4989421 
= geometric mean ; aobence the log. of 7.4989421 is 


87 
Bank, "the i log. of 10 _— and oe r of 
7.498941 is B75 ; therefore 2 . 2 55 


arithmitical an. And . "IX 21=8. 6596431 
— S na, 3, WHhence the 25 57 8.55 Fer is 


9 

Th, the he. of. 10 Is. y oy and the. * of 
8.6596431 4s 93753 therefore ants, 96875 
= * e mean. | And #4 10 X8. 1 7 
953057204 =" geometric ME 31 e ny . 4 
9-3957204 i. 90875. 
-  Sixthly, the - of 8.65964 3145 19375, ani ihe tg: 
of 9.3057204 is .96875 ; therefore = 9375 5 9687 = 
953125 = arithmetical neun. "And 17 
v8. 0590431 X9-30572%. ©, 8.9708713 = gerte 
mean; whence the log. of '8 9768713 11.953125. 

474. proceeding in this manner, after 25 ertrachiont, 
the logarithm of 8.9999998 will be found to be 


N ;* which may be taken for the logaritbm of 9, 
ecauſe it differs from it only — and is there- 


f bre 


OF -LOGARITHMS: 179 


Aud in the ſame manner the logarithms of almoſt all 
the prime numbers were found; a work jo incredibly 
laborious,” that the unremitted' induſtry of ſeveral yearr 
was ſcarcely ſufficient for its accompl. * | 


PROBLEM II. 


To Mi ** Hyperbul l e L)-'0 
2 ae (M. . 0 , 2 FT 


rbolic: ide of any cds, is the 
Wb 5 that term of the logarithmic progreſſion, 
agreeing with the propoſed number, multiplied 
by the exceſs of the common ratio above unity. 


Let, therefore, 1 Ta- be that term of the + logs 


rithmic progreſſion, 1, TT „ ITA, 1 , I= ITTal, 
&c. which is equal tg to the ps number (N). 


Then will 1 +3] NV. and-14+x = M; and if | 
145 be put = N, and m=—, we ſhall have 1+x 


nw 


=N"=7 D- h N » 
=", &c. 

3 5 

And, * eee m = += * 


S* Ec. where m. being Needed in the 


factors m—1, m—2, m—3, &c. as being indefinitely 
ſmall in compariſon of 1; 2, 3. &c. ek Im: will 


become x =my——- Le Hs &c. 


1 ® 
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Hence = E (ax=L) mn WATCH 
3 4 5 
c. = kyperbolic logarithm of N, as was required. 


PROBLEM III. 


The hyperbolic logarithm (L) of a number being given, 
to find the number (N) itſelf, anſtvering thereto. 


Let Ia be that term of 2 logarithmic pro- 
greſſion, 1, 1 Tl, Tah, 1, „ Kc. 


which is equal to the required Gar Foy 
;Then,, becauſe Fer is univerſally SHR 


S Fn * — + ab. * — . = x", &c. we ſhall w_ have 


Es 22 45, Kc. =. 


3 
But becauſe =, from os ature of logarithms, i is 
here ſuppoſed "indefinitely great, it is evident that 


the numbers connected to it by the ſign —, may all 


be rejected, as far as any aſſigned number of terms, 
_ indefinitely ſmall in compariſon of u. 
Therefore, by throwing out 1, 2, 3, &c. from the 
H—2 


faktor — 15175 , Kc. we ſhall have 1 K v 


But ax (=L).is the hyperbolic logarithm of IF: *, 
or N, by * has been before ſpeciſied; and there- 


fore 1411 Fog — 7 Kc. = N=nember re re- 
quired. _ Aut K 1811 
CY R 0 B L E M IV. * | 


To 3 the Hperbolie logarithm (L) of any 
given number (M), by an univerſally con verging ſeries. 
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The ſeries „2 4 2—＋) &c. is the moſt 


eaſy and natural Xa can be obtained; but, in de- 
termining the logarithms of large numbers, it 15 but 
of little uſe, ſince, in all ſuch caſes, it diverges in- 
ſtead of converging. 

Let, therefore, the number whoſe logarithm you 


would find, be denoted by — and alſo let i T 


whe 
be the term of the b progreſſion agreeing 
with the propoſed number. 


1 
Then 1 T=. E or an 


1 — 1 ( by putting n=) S- 


m— 1 MmM—2 
2 
And, if u be rejected in the factors m—1, m—2, 


— 
+mMmX 1 -y*, &c. 


3 4 | 
We e Re i =—= =nx= 
m 


hyperbolic logarithes of ; which ſeries, it is 


I—y 
mage, will conſtantly converge, let the value of 


— ve ever ſo great ; becauſe y will Ls be 


1— 

leſs than unity. 
But it is to be P OY that this ſeries, except 

in its ſigns, has exactly [the ſame form with that 
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above found for the logarithm of 14, and that, 
if both of them be added together, the ſeries 2y + 


AL, &c. thence ariſing, will be more 


1 
ſimple than either of them, ſince one half of the 


terms will be intirely deſtroyed thereby. 

Since, therefore, the ſum of the logarithms of any 
two numbers is equal to the logarithm of the pro- 
duct of thoſe numbers, it is manifeſt that 2x+ 


NE: &. will truly expreſs the logarithm of 
. 

3 which ſeries converges ſtill faſter than a+ 
1 —x | | 
+= &c. not only becauſe the even powers 


3 
are here deſtroyed, but becauſe x, in finding the 
logarithm of any given number (N) will have a leſs 


value. | 
And, in order to determine what this value of x 


muſt be, make — N, and then x will be found 


I —X - 
N—1 


„ but if the quantity propoſed (D be a 
I+x__ 


1— 


fraction, inſtead of a * number, make 1** 


1 and you will have N and either of 
theſe values being ſubſtituted in the foregoing ſeries 
7 
ee Kc. will give the hyperbolic loga- 
rithm of the number required. 
Now, by finding Neper? s logarithm af any num- 
ber, according to the foregoing method, Briggs's, 


* 
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or the common logarithm of the ſame number, may 
be found as follows: | 

Briggs's logarithm of any number, is to Neper's 
logarithm of the ſame number, as Briggs's logarithm 
of 10, is to Nefer's logarithm of 10. | 

But Briggs's logarithm of 10 is 1, and Neper's 
logarithm of 10 is 2. 302585093; and, therefore, 
if Briggs's, or the common logarithm of any num- 
ber, be denoted by C. L, and Neper's, or the hyper- 
bolic logarithm of the ſame number, by H.L. we 
ſhall have 2.302585093 : 1 :: H. L.: C. L; or 


H. L x H. LX. 4342944819 g C. L, 


1 
2. 302885093 


as was required“. 


8 


ͤ„᷑— ä » 


* There are, beſides theſe, many other ingenious methods, 


which later writers have diſcovered, for finding the logarithms 


of numbers, in a much eaſier way than their original inventor ;. 
but as they cannot be underſtood without a knowledge of 
fome of the higher branches of the mathematics, I have thought 
proper to omit them, and muſt beg leave to refer the reader 
to thoſe works that are written expreſsly upon the ſubject. 
It would, likewife, much exceed the limits of this com- 


+pendium, to point out all the peculiar artifices that are made 


uſe of for conſtructing an entire table of theſe numbers; ſuch as 
thoſe of Gardiner, Sherwin, and others, who have treated on 
this ſubjeR, | | 
It will be fufficient to obſerve, that the logarithms of all 
the prime numbers being had, thoſe of the compoſite numbers 
may be found only by means of addition and ſubtraQtion, 
Thus, L.4=2L.2; Lio=L.2+L.5; L.z=Lao—Lz; 
L,6=L.2+L.3, and ſo on for any other of theſe numbers. 


R 2 
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Or THE METHOD OP USING A TABLE OF 
LoGaRITHMS. 


Having explained the method of making a table 
of the logarithms of numbers greater than unity, 
the next thing to be done is, to ſhew how the loga- 
rithms of fractional quantities may be found. And, 
in order to this, it may be obſerved, that as we 
have hitherto ſuppoſed a geometric ſeries to increaſe 
from an unit on the right hand, ſo we may now 
ſuppoſe it to decreaſe from an unit towards the left; 
1 the indices, in this caſe, being made negative, 
will fill exhibit the logarithms of the terms to which 
they belong. 


Thus, Leg. —3 —2 —1 © +1 +2 +3, Se. 


ume. 18 08 16 15 1. 10 100 1000, Oc. 


Where +1 is the logarithm of io, and —1 the loga- 
rithm of I; +2 the logarithm of 100, and —2 the 
logarithm of de. c. e 
And from hence it appears, that all numbers, 
conſiſting of the ſame figures, whether they be in- 
tegral, fractional, or mixed, will have the decimal 
parts of their logarithms the ſame. 
» Thus, the legarithm of 5874 being 3.7689339, the 
logarithms of r, +56» Tev6» Cc. fart of it will 


be at fellpavs : 
7 e as fe Apt 


.15.3:51-5 Num. Logarithms. 
| 5874 37689339 
58 7.4 27689339 

5 8.7 4 17689339 

5-8 7 4 0.7689 339 

$874 | —-1-7689339 
05874 | —2-7089339 
005874 || —-3-7989339 
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From this it alſo appears, that the index, or cha- 


racteriſtic, of any logarithm, is always one leſs than 
the number of figures which the natural number 
conſiſts of; and this index is conſtantly to be placed 
* the left hand of the decimal part of the loga- 
rithm. | 

When there. are integers in the given number, 
the index is always affirmative ; but when there are 
no integers, the index is negative, and is to be 
marked by a line drawn before it, like a negative 
quantity in algebra. 


Thus, a number having 1, 2, 3, 4, 5, Sc. integer 
places. 


The index of its log. is o, 1, 2, 3, 4, &c. 


And a fraction having a digit in the place of primes, 
Jeconds, thirds, fourths, Sc. 
The * its logarithm will be — 1, — 2, —3, 
—4, Cc. | | 
i may alſo be obſerved, that though the indices 
of fractional quantities are negative, yet the decimal 
parts of their logarithms are always affirmative; and 
all operations are performed by them, in the ſame 
N as by negative and affirmative quantities in 
ebra. ß 
y taking out of a table the logarithm of an 
— = exceedin — we have the decim a 
t by inſpection; and if to this the charac- 
teriſtic be affixed, it will give the * loga- 
rithm required. | | e 
Bat if the number, - whoſe logarithm is required, 
be above 10000, then find the logarithm of the two 
neareſt numbers to it, that can be found in the table, 
and ſay, as their difference: the difference of their 
arithms : : the difference between the neareſt num- 


ber and that whoſe Ny is required: the dif- 
3 
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ference of their logarithms, zearly; and this dif- 
ference being added to, or ſubtracted from, the 
neareſt logarithm, according as it is greater or leſs 

an the required one, will give the logarithm re- 
quired, nearly *, 


"Thus, let it be rare to find the logarithm of 
36 182. 


he decimal part of 3671 *, by the table 
5 5478445 and of 3672 is SH "Ws 
The f 367100 is 5.5647844 


I. of | 367200 is 5. 5649027 
Their diff. 100 rarer ore aff. 
Neare/t Vo { 367200 
Given Ne 367182 
Werne RK. ** — 
F £3 Gres fe 


Ay bees pb 100 : det 'x8 50000212, 
3 8788 e 94881 5= lega- 
Ts * r both of integers and frac- 
; gh is entirely fradtional, find the decimat 
Part of we legarithm as if all its figures were inte- 
gral; and this, being prefixed to the proper charac- 
1 N give | the logarithm required. | 


* 


ITT 

* This mathed hes founded on the ſuppoſition, that the 
logarithms of all numbers between 367 100 and 367200, in- 
creaſe, or decreaſe, equally, according to their diſtance from. 
367 100 or 367200, is not ſtrictly true, but. nearly, ſo; and the 
greater any numbers are with reſpect to their difference, the: 
nearer will thoſe differences be proportional. And, therefore, 
though this will not give the exact logarithm, yet it will be 
avery near approximation, and is the; re exact for wore, 
Nactical 17 


i ” 1 - og a 
» 5 « 1 
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To find the logarithm of a proper fraction; ſub- 
tract the logarithm of the denominator from the 
logarithm of the numerator, and the remainder will 
be the logarithm ſought ; which, being that of a 
decimal fraction, ml always have a negative 
index. 5 

And to find the logarithm of a mixed number, 
reduce the given number into an improper fraction; 
then ſubtract the logarithm of the denominator from 
the logarithm of the numerator, and the remainder 
will be the logarithm ſought. 1 
In finding the number anſwering to any given 
logarithm, the index, if affirmative, will always 
ſhew how many integral places the required number 
conſiſts of; and, if negative, in what place of deci- 
mals the firſt, or 'ſignificant figure, ſtands; ſo that 
if the logarithm can be found in the table, the num- 
ber anſwering to it will always be had by inſpection. 

But, if the logarithm cannot be exactly found in 
the table, find the next greater, and the next. leſs, 
and then ſay, As the difference of theſe two loga- 


rithms: the difference of the numbers anſwering to 


them: : the difference between the given logarithm 
and the neareſt tabular logarithm : a fourth number; 
which added to, or. ſubtracted from, the natural 
number anſwering to the neareſt tabulax logarithm, 
according as that logarithm is leſs or greater than the 
given one, will give the number required, nearly. 
Thus, let it be required to find the natural num- 
ber anſwering to the logarithm 5.5648815. 
Tube next 77 and greater logarithms, in the table, 
are k | 
5.56647844 ) The numbers \ 367100, 
5.5649027 J anſwering (3672000 


Their diff. .oo01 183, 


100 dif, 
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Aud 5. 56490275. 564881 — 00002 12, 
 Therefire .0001183 : 100 : : ,0000212: 18 nearly... 
Whence 367200182367 182= number ee 


Mu LTIPLICATION by LOGAAIT MNS. 


R UI. E. 


Add the logarithms of the factors "EY and 
their ſum- will be the logarithm of the xrodut r2- 


quired. 
Obſerving to add what is to be carried from the 


decimal part of the logarithm to the ſum of the af- 


firmative indices : 
And that the difference between the ins 


and negative indices, is to be taken for the index to 
the logarithm of the TD 


EXAMPLES: 


1. Let the number 256 be multiplied by 4. 
The log. of 256 = 2.4082400 
The log. of 4= 4 90 


W 


— 


w» "I". | 
_ — — 


Directions, at large, for the uſing of logarithms, may be 
found in moſt of the common tables upon this ſubject.— 

' Sherwin's Mathematical tables, of the Edition 1741, or 1742, 
are reckoned the moſt correct and convenient, for practical 


purpoſes, of any now extant, 
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2. Let the number 8.5 be multiplied by 10. 


The log. of 8.5 = 0.9294189 
The log. of 10 = + 1.0000000 


| The product 85. +. 1.9294189 


3. Let the number 46.75 be multiplied by .3275» 


The log. of 46.75 = 1.6697816 
The log. of . 3275 = —1.5152113. 


The product =15.31 ++. 1-1849925 


4. Multiply 3.768, 2.053, and ,007693 con- 
 tinually together. | 


The log. of 3-768 = 0.5761109 
The log. of 2.053 = 0.3123889 
The log. of .007693.= —3-8860957 


The Product = . 059511 2.774955 


5. Multiply . 5, . 4, and . 12, continually together, 


The leg. of 5 = —1.6989700 
The log. A | 4 = —1.6020600 
The log. of 12 =+--1.0791812 


T he product — 024. bs — 2.38021 IA 
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DIVISION by LOOGANITRHMSV. 


R UI. E. 


From the logarithm of the dividend ſubtract the 
logarithm of the diviſor, and the number agreeing 
to the remainder will be the quotient required. 
Zut obſerve to change the index of the diviſor 
from negative to affirmative, or from affirmative to 
negative, and then the difference of the affirmarive 
indices muſt be taken for the index to the logarithm- 
of the quotient. | 1 | | 

And, alfo, when an unit is borrowed, in the leſt 
hand place of the decimal part of the logarithm, 
Add it to the index of the diviſor ; but if it be nega- 
tive ſubtract it; and let the index ariſing from thence 
be changed and worked with as before. 


2 A112 | | 
1. Let the number 56. be divided by the num- 


The hog. of 56 = 1.748 1880 
* The log. of * S o. a0 


The quotient 14. 2 1461280 


2. Let the number 50.75 be divided by the num- 
der . 25. | 


The he. of 50.75 = 1.7054360 
The log. of «25, = 13979400 


The quotrent — 203 5 „ 6 „6 „6 2:3074969 


28. 
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3. Let the number 24 be divided by che number 
The log. of 24 = 1.38021 12 
The log. % 80 = 1.9030900 


The quotient 003 . . 3477 1212 


4. Let the number. oi 265 be divided by the num- 
ber 36. 

The log. of . 1265 = —2.1020905 

The log. 35 = —1.7403627 


The quotient . 23 2361 7278 


IN VOTLUuTIOR by LocariTums®, 


R UL E. 


5: Seek the logarithm of the given numberin the 
table. ; 
2. Multiply the logarithm, thus found, by the 
index of the propoſed power. 

3. Find the number correſponding to the product, 
and it will be the power required. | 

Note, In multiplying a | nee "IM with a negative 
index, by any 4 number, the product will 
always be negative. 

But what is to be carried from the decimal part 
of the logarithm will always be affirmative : 


* The rule of proportion is performed by adding the loga- 
rithms of the two laſt terms, and ſubtracting the logarithm of 


the firſt. ; 
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And therefore their difference will be the index of 
the product; and is conſtantly to be made of the ſame 
kind with the greater. | 


EXAMPLES: 


1. Required the ſecond power. of the number 
3. B74. 


| The log. of 3.874 — o. 5881596 
A Nr 


The power 15.01 11763192 


2. Required the third power of the number 2.768. 


' The log. of 2.768 = 0. 4421661 
The . = 22 3 


The power ="21:201 545 3264983 


3. Required the third power of the number .7916. 
The 17 of 7916 = —1.89850;8 


be index = 3 


The power = 4961 —1.6955174 


4. Required the twelfth power of the number 


1.539 · 
De log. of 1.539 = 0. 1872386 


he index = -—þ 12 


The pour = = 176.6. aer: 
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EyoLUTION by LOGARITHMS, 


R U L E. 


1. Seek the logarithm of the given number, in 
the table. 1 

2. Divide the logarithm, thus found, by the de- 
nominator of the index of the root propoſed. 

3. Find the number correſponding to this quo- 
tient, and it will be the root required. 

Note, When the index of the logarithm, to be 
divided, is negative, and does not exactly contain 
the diviſor ; increaſe it by ſuch a number as will 
make it exactly diviſible, and carry the units bor- 
rowed, as ſo many tens, to the left hand place of- 
the decimal, and then divide as in whole numbers. 


EXAMPLES: q | 
1. Required the ſquare root of the number 225. 


The hog. of 225 2.352182 5 
T herefore 2) 2.3521825 


The root = 15 1. 1760912 


2. Required the ſquare root of the number 1501 
The log. of 1501 = 3.1763807 
Therefore 2) 3. 176380 


The root 38.74. . 1. 488 1903 
8 | 


| ; Fer ig 
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3. What is the cube root of the number. 166375? 


The log. F. 166375 2 —1. 2210881 
T berefore 3) — 1. 2210881 


| The root = 55 — 1:7403627 


4 What is the ſquare root of the number. o8 162 


The log. of . o8 162 = 2.917966 
| Therefore 2) 5 


The root = $2857 ... —1.4558983 


. What is the twelfth root of the number 
176.6? 


The log. of 176.6 2.246990 
Thergfore 12) 2. 246990) 


The root = 1.5390 1872492 


MISCELLANEOUS QUESTIONS, 


1. A perſon being -aſked what o'clock it was, 
anſwered, that it was between 8 and g, and that 
the hour and minute hands were exactly together; 

7 


what was the time? 6 
Anſ. 8: 43: 38 Fre 


2. Divide the number 50 into two ſuch parts, 
that 3 of one part, added to + of the other, may 
make 40. Anſ. 20 and 30. 

3- What two numbers are thoſe, whoſe difference 

is 12, and their ſquares equal to each other ? 
i An. +6 and —6. 
4. There is a certain number, conſiſting of two 
places, which is equal to the difference of the ſquares 
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of its digits; and if 36 be added to it the digits 
will be inverted ; quzre the number? ' Ar/. 48. 
5. Given ͤ« 4 i, and-y*+ax*=17 ; to find 


x and y. Anſ. x = 3 and y=2- 
6. Given y*—xy=666, and x*+xy=406; to 
find x and y. Anſ. x =7 and y=9- 


7. Given the ſum of three numbers, in harmont- 
cal proportion, 26, and their continued product 
=576 ; to find the numbers. An. 12, 8, and 6. 

8. What two numbers are thoſe, whoſe differ- 
.. ence, ſum, and product, are to each other as the 
numbers 2, 3, and 5 reſpeQtively? A. 2 and 10, 

9. To find that number whoſe cube being, ſub- 
traded. from its ſquare ſhall leave the greateſt re- 
mainder. poſſible ? Ai. . 
10. Required to find the leaſt 3 whole numbers, 
ſo that & of the firſt, & of the ſecond, and 26 of 
the third, ſhall be all equal to each other. 

Anſ.. 280, 294, and 300. 
11. Given zx*-+xz*=290, and x*+z*=641 ;_to 
find x and x. Lnſe x5, and xcga,. 

12. Given the ſum of three numbers in continued. 
2 progreſſion 39, and the ſum of their 

quares =819; to find the numbers. | 
3 A. 3, 9, 27, 
13. Required the feweſt number of weights, and 
the weight of each, that ſhall weigh from one pound, 
to 29 hundred weight, , ; 
Au. 1, 1 9, 27, 81, 243, 729, and 2155. 

14. Required two numbers ſuch, that their ſum 
ſhall be equal both to their product and the differ- 
ence of their ſquares. B ; 
Anſ. 2.618034 and 1.618034. 

15. It is required to find 4 affirmative integers 
fuch, that the ſquare of the greateſt may be equal 
ta the ſum of the ſquares of the other three. 


Anſe 3, 4, 12, and 13. 
8 2 | | 
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16. If money be lent, at three per cent. 
To thoſe who chuſe to borrow, © 
In what time ſhall I be worth a pound, 
If I lend a crown to-morrow ? | 

AA. 46.90036 years, allowing comp. int. 

17. Required the two leaſt nonquadrate numbers, 
* and y, ſuch, that x*-þy*, and 2 +5* ſhall be both 
ſquare numbers. An. x= 304, and y=273. 
18. There are three numbers in geometrical pro- 
portion ſuch, that if the mean be ſubtracted from 
the ſum of the two extremes, the remainder mul- 
tiplied by the ſum of the ſaid two extremes will be 
91; but if that remainder be multiplied by the ſum 
of all the three numbers, the product will be 133; 
it is required to find the three numbers by a ſimple 
equation. Af. 4, 6, and g. 
19. To determine two numbers whoſe ſum ſhall 
be a cube, but their product and quotients ſquares, 
Hnſ. 4 and 4, 100 and 25, 900 and loo. 
20. Required that arithmetical progreflion whoſe 
number of terms is 10, ſum of the terms 185, and 
the ſum of the cubes of the terms 104525, _ 
A F., 8, 11; 14, 17, 20, 23, 26, 29, 32. 
21. To divide a given number (N) into 4 ſach 
parts, that if any other number (x) be added to the 
firſt part, dedufted_from the ſecond, multiplied by 
the third, and the fourth part divided thereby, the 
ſum, difference, product, and quotient, ſhall be all 

equal to each other. ; 


An. * 1 + C and +4 1 4.08 

- 177. — , — 5 — — — — 

| n+1P n+ 11 7 n+1] . n+ 4]* 
I.? art required, 


22. Given a%+y*x=512500, and x y- 
2500; to find x and q. Anſ. x gg and y=20, 
23. Given x+3+z=6, axy+xz+yz=11, and 
xyz=6; to find x, , and x. 1 

| = Anſe x3, y=l1, and $=2. 
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24. To find two numbers in the ratio of 5 to 7, 
and which * reſpectively divided by 9 and 13. 
ſhall leave 3 and 8 for remainders. 

Anſ. 210 and 294. 

To find three numbers ſuch, that the firſt, 
+ of the ſecond, and ꝗ of the third, ſhall be 262; 
T of the firſt, i of the ſecond, and z of the third 
=/; and 4 of the firſt, + of the ſecond, and 4 of 
the third =38. Auf. 24, 60, and 120. 


26. Given 1 Z 357, „ He, —.— | 
=595, and W 1. to find x, y, x, and au. 


Anſ. x=192, y=334, $=420, and w=676. 
. To find four numbers x, Js x, and a, hav- 
* the product of every three given; viz. xyz=: 
| 231, XYWZ420, y&W2=1540, an x220=660. 
Anſ. x=3, y=7, $=11, and WEZ=20.. 
28. To find four numbers in geometric propor- 
t'on, whoſe ſum is 15, and the fum of their ſquares 
5. Au. 1, 2, 4, 8. 
To find three 8 x,y, and z, when the 
product of each by the ſum of the other two are given 
viz. XX y +2248, JXX+239, and z Xx+y=63. 
A. * , J=3z and 259. 
30, What number is that, which, being any how. 
divided, the ſquare of one part, when added to the 
other part, ſhall always be a ſquare number? 
Anſ. I only. 
31. Given y*+2z=127, ass and & 4 
* 11333 to find x, y, and a- 
An. x=10, „ s. and $=2, 
32. Given x*Þxy=108, y*+3z=69, and "+ 
W . to find x, y, and x. 
| Anſ. x=9, y=3, and £20. 


83 
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33. Given x+3z=384, 237, and x Ty 
2192; to find x, y, & 
Anſ. x=10, y=17, and $=22. 
334 To find the leaſt number, which being di- 
d by 6, 5, 4, 3, and 2, ſhall leave the remain- 
Pens 5, 4, 3, 2, and 1 reſpectively. Hof: 59- 
I: To find three numbers ſuch, that the ſum 
ifference of any two of them | ſhall be ſquare 
numbers. Au. 1873432, 2399057, and 2288168. 
36. To find two ſquare numbers ſuch, that their 
ſum may be a ſquare, and their difference a cube, 
and the fide of the ſaid ſquare and cube aqua to- 
each other. 783 and 214. 
Anſ, La 
| 7750 _ 15525 
37. To determine the number of fifteens that can 
be made out of a common pack of 52 cards. | 
A4. 17264. 
38. To find a fraction ſuch, that being taken 


- From its reciprocal the remainder ſhall be a ſquare. 


Ar. Find ſuch a fraction as that its biguadrate 
being added 1 4 is @ ſquare, and it will | 
anſwer the queſtion. 

39. Given x*+xy +y*=1087, and NIP +* 
4577295 ; to find x and. Sos 
„ ad $95 
40. Given ee K * T = 2546, and 
n to find x, , and &. 
Au. x=41, y=28, and c=. 


41. Given x 49=152, and. — * x— 71 
31923 to find. x andy. Auſ. x=108, . 
42. To find three. numbers ſuch, that if to the 

uare of each the product of the other 2 be added, 
2 ſums ſhall be ſquares. An}. 73, 9. 328. 

43. Let the number of cards in a pack {p).be . 
diſtributed into any number of 5 (z), by aying 
as many cards upon * bottom AP 2s are f| 


* 
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cient to make up its number g; then by having the 
number of cards remaining in the dealer's hand, () 
and the number of heaps (=) given, it is required 
to find the ſum of all the bottom cards. 
'L | Anſ. q+1 Xn+r—p= /um re wired. 
44. To find 3 mt, ſuch, I each — ſub- 
tracted from the cube of their ſum, the remainders 
ſhall be cubes. nf I. 122 ts 18954 
| 85184 85184 85184 
- 45. Given x*=123456789' to find x. 
| Anſ. x==8.6400268, 
46. Given the cycle of the ſun 18, the golden 
number 8, and the Roman indiQtion 10; to find 
the year. Anſ. 1717. 
47. To find 3 cube numbers ſuch, that their ſum 
ſhall be both a ſquare and a cube number; and if. 
that ſum be ſquared it ſhall be a cube, and if it be 
cubed it ſhall be a , 2 | 
4 . 8x" 126 
af „ 216 | | 
ber whatever ; if it be =216 they will be 
whole numbers. an een 
438. To find 3 numbers ſuch, that if each be 
added to the cube of their ſum, the ſums ſhall be 
cubes. 23625 1538 18577. 


Anf. 3 | , ». * 
| | 1 157404 157404 157464 
49: With guineas and moidores, the feweſt, which 
way, . 
Three hundred and fifty-one pounds can you pay. 
If paid every way twill admit of, what ſum _ 
Do the pieces amount to ?—my fortune's to 
come. | | 
Auſ. g guineas and 253 moideret; and 37 — 
ways, which is 212987 J. | | 


; where x may bs any num 


* 
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| . > 2 >. 
50. Given Au 100 to find x and x. 
8 Auſ. x==47.706 and $=1.42. 
51. Given 44000x*þ1=z?; to find x and y in 
whole numbers. 
An). x=40482981221781 and X 
| ihr 8491781781142001. 
52. To find three whole numbers ſuch, that the 
exceſs of the greateſt above the middle number, ſhall 
be to the exceſs of the middle number above the 
leaſt, as 3 to 1; and alſo that the ſum of every two 
of theſe ſhall be a ſquare. Bud (6h 
As. 1362, 402, 82; or & 1362, 4" x 402, 
and 4" 82; where n is any affirmative in- 
| teger. | a f 
53. Given x+y=a (2), and x9+y9=b(32), to 
find x and y by quadratics, | 
Anſ. £=1.4697175 and y=.5302824. 
54. Given &= oo, and *=300; to find x 
and y. Anſ. x4. 6914 and y=5.5102. 
55. Given xy XxÞ=Þ=300, xzxy+2Þ*=1296, 
and yz xx+yF=432; to find x, 5, and z. 
; | A. il, 3, z q. 
56. Given W TTA TJ, Ay 
2703, A= 1353, and w+Hx+y +=" 
1533 to find x, y, x, and wv. 
An. x=14, y=11, 2$=5, and w=3. 
57. Given x+y=1750, xz+yv=22708, xv+ 
=12292, and xzv+wvzy=159252; to find x, y, 
2, and v. Anſ. x=1743, y=7, $=13, and "4 
58. Given 5x+7y +9z=93256; to find all t 
different ſolutions in affirmative integers which the 
equation will admit of, - An. 13801148. 
- 59. To find a ſquare number ſuch, that the ſum 
of all its aliquot parts ſhall be a ſquare number. | 


A. 2401. 


4 


%- 
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60. To find two ſquare numbers ſuch, that either 
of them, when added to its aliquot parts, ſhall make 
the ſame ſum. An/. 106276 and 165649. 
61. To find three cube numbers ſuch, that their 
ſum may be both a ſquare and cube number. 


2048383 15252992 
| Anſ. I, 274625 » and 2 

62. To find 4 whole numbers ſuch, that the differ- 
ence of every two ſhall be a ſquare number. 


A6. 1873432, 2288168, 2399057, and 6560557, 
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TOGETHER WITH. 


GENERAL THEOREMS FOR THE MORE EXTENSIVE 
USE OF THE SCIENCE, _ 


By JOHN BONNYCASTLE, 


Private Tr Achs of the MaTHtMATICS. 


The following ExT& acts, relating to this WORK, 
are taken from the REVIEWS of Jury and 
SEPTEMBER, for the Year 1780. 


HE Author informs us in his Preface, that 
we are not to look upon this as a complete 
Treatiſe of Arithmetic ; but only as a ſhort metho- 
dical Tract, drawn up for the purpoſe of teaching. 
We aſſure our readers, that this is a modeſt account, 
and that many Maſters may profit by what is here 
offered to them for the uſe of their Scholars. 
* In purſuance of this plan, of writing a book for the 
uſe of Schools, he has been very careful to make all 
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a 
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1 definitions and rules as conciſe us pollible, con- 


ſiſtent with that fimplicity and clearneſs Which is 
abſolutely neceſſary in things of this nature; and 
ec to exemplify thoſe rules with a ſufficient 
number of examples; in ſelecting of which, he has 
made choice of ſuch as are moſt likely to occur in 


buſineſs; and has alſo ſhewn, with great clearneſs 


and * the reaſon of each rule in notes; 
and, in ſome inſtances, has illuſtrated and explained 
the examples, when he had reaſon to apprehend any 
difficulties would be d 5dr where any diſputes 
have ariſen between former 1 and, in this 

of his work, Mr. Bonnyc 
ingenuity and 2 ' | 

y confining every thing of this nature to the notes, 
Mr. B. has been enabled to keep his text free from 
long explanations, ſo that nothing is to be found 
there, but what the Learner ought to tranſcribe, and 
fix in his memory; a matter which ſeems to have 
been too much neglected, by moſt of thoſe authors 
who have undertaken to write on the ſubje& of 
Arithmetic, for the uſe of Schools. 

On the whole, we ſhall not heſitate to declare, 
that we think this little book will be found very uſe- 
ful both to the Teacher and Learner. 

| MonTHLY Review. 


EER Title of this little book we have given at 
f7 full length, becauſe it anſwers to its title, and 
does not, like many publications of this kind, profeſs 


more than it 3 The author has availed 


himſelf of Malcolm's Arithmetic, and has here given 
us a ſcientific, as well as practical treatiſe of this 
uſeful branch of Learning ; ſo that ſtudents of every 
claſs may have their defires thoroughly gratified. 
The 1 and its Author, of whom tan, an nothing, 


but from this performance, we recommend to the 


protection of the Public. 
LoxnDon Rivitw. 
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